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Streszczenie

Rozprawa bada szczegdlne konfiguracje punktéw, prostych i krzywych w geometrii rzu-
towej poprzez algebre ich ideatow jednorodnych. Jej motywem przewodnim jest obser-
wacja, ze klasyczne zjawiska incydencyjne czesto maja precyzyjne odpowiedniki alge-
braiczne: potegi symboliczne opisuja zadane krotnosci znikania, potegi zwykte koduja
ograniczenia faktoryzacyjne, funkcje Hilberta mierza zjawiska interpolacyjne, a projek-
cje pozwalaja przenosi¢ konfiguracje przestrzenne do ptaskich przecieé¢ zupelnych.

Pierwsza cze$¢ pracy zawiera ogodlne tto matematyczne potrzebne w dalszych roz-
dziatach. Przypomniane sa skoriczone podschematy przestrzeni rzutowej, ideaty jedno-
rodne, funkcje Hilberta, przeciecia zupelne, potegi symboliczne, problemy zawierania,
testy przynaleznosci za pomoca baz Grobnera, projekcje skonczonych zbioréw punk-
tow, problemy interpolacyjne typu Weddle’a oraz prawo grupowe na gtadkiej krzywej
kubicznej. Celem tego wprowadzenia jest przedstawienie pdzniejszych przyktadow jako
konstrukcji geometrycznych, a nie tylko jako izolowanych obliczen.

Kolejne rozdzialy dotycza czterech rodzin konfiguracji. Uktad Yoshinagi stuzy do
badania niepowodzenia zawierania I®) C I? dla ideatéw punktéow na plaszcezyznie. Kon-
figuracja H, daje wyjatkowy przyktad zbioru geproci w IP3, ktorego ogdlna projekcija
na plaszczyzne jest przecieciem zupelnym, ale nie wynika z elementarnej konstrukeji
kratowej. Loci typu Weddle’a sa omawiane jako zbiory wierzchotkéw stozkéw przecho-
dzacych przez zadane punkty bazowe, ze szczegélnym uwzglednieniem roéznicy miedzy
rachunkiem interpolacyjnym a udowodnionymi stopniami. Ostatnia czes¢ pracy opisuje
punkty fleksyjne, punkty sekstaktyczne oraz punkty typu 9 na kubice Fermata za po-

moca odwzorowania styczna-residuum i torsji w prawie grupowym krzywej eliptyczne;j.

Stowa kluczowe: potegi symboliczne, problem zawierania, zawieranie Harbourne’a—
Huneke, uktady prostych, przeciecia zupetne, zbiory geproci, powierzchnie Weddle’a,

kubika Fermata, punkty sekstaktyczne, punkty torsyjne.
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Abstract

This dissertation studies special configurations of points, lines, and curves in projec-
tive geometry through the algebra of their homogeneous ideals. The guiding theme is
that classical incidence phenomena often have precise algebraic counterparts: symbolic
powers detect assigned multiplicities, ordinary powers encode factorization constraints,
Hilbert functions measure interpolation, and projections translate spatial configura-
tions into plane complete intersections.

The first part of the dissertation gives the general mathematical background needed
for the later chapters. It reviews finite subschemes of projective space, homogeneous
ideals, Hilbert functions, complete intersections, symbolic powers, containment ques-
tions, Grobner-basis membership tests, projections of finite sets, Weddle-type inter-
polation problems, and the group law on a smooth plane cubic. The discussion is
written so that the later examples can be read as geometric constructions rather than
as isolated computations.

The subsequent chapters treat four families of configurations. Yoshinaga’s arrange-
ment is used to study the failure of the containment I3 C I? for ideals of points in
the plane. The H, configuration gives an exceptional geproci set in P3, whose general
projection to the plane is a complete intersection but which is not explained by the
elementary grid construction. Weddle-type loci are discussed as vertex loci of cones
through fixed base points, with careful attention to the distinction between interpola-
tion counts and proved degree statements. Finally, flexes, sextactic points, and type-9
points on the Fermat cubic are described using the tangent-residual map and torsion

in the elliptic-curve group law.

Keywords: symbolic powers, containment problem, Harbourne-Huneke containment,
line arrangements, complete intersections, geproci sets, Weddle surfaces, Fermat cubic,

sextactic points, torsion points.
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1 Introduction

1.1 Special configurations in projective geometry

Projective geometry is rich in configurations whose definition is elementary but whose
behavior is unexpectedly rigid; the general background used here is classical and can be
found, for example, in Hartshorne |21] and Dolgachev [9]. A line arrangement may be
described by writing down a product of linear forms, but the distribution of its double,
triple, and higher multiple points can force delicate algebraic consequences. A finite
set of points in three-dimensional projective space may look like a discrete object, but
its general plane projection can remember hidden structure and become a complete
intersection. A point on a smooth cubic may be studied by drawing tangent lines and
osculating conics, but the true organizing principle is the group law on the cubic.

This dissertation is devoted to such examples. The emphasis is not on projective
configurations as pictures alone, and not on homogeneous ideals as formal algebra alone,
but on the translation between the two. The same object is viewed simultaneously as
a configuration of points, lines, or curves and as an ideal in a graded polynomial ring.
Incidence becomes vanishing. Multiplicity becomes symbolic membership. A complete
intersection becomes a numerical and homological constraint. A tangent construction
becomes a statement about torsion on an elliptic curve.

The configurations studied here are classical or classically inspired. Yoshinaga’s
arrangement is a deformation of a Fermat—Ceva arrangement of lines and is discussed in
relation to the containment problem in [29, 10]. The configuration denoted by H, comes
from the root system H, and the geometry of the 600-cell; its geproci interpretation
follows the work of Chiantini-Migliore [5] and Wisniewska—Zieba [31]. Weddle surfaces
arise from the nineteenth-century problem of finding vertices of cones through fixed
points in space [30, 1, 23]. The Fermat cubic supplies a highly symmetric elliptic
curve on which flexes, sextactic points, and higher contact points can be described
explicitly [4, 16, 27, 24].

The common feature is that each construction produces a finite set of points with
more structure than a general set of the same cardinality. The main task is to say

exactly what this extra structure implies, and equally importantly, what it does not

imply.
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1.2 From configurations to ideals

Let K be an algebraically closed field and let S = K[xo,...,zy] be the homogeneous
coordinate ring of P¥. A finite set of points Z C P is encoded by its saturated
homogeneous ideal, in the sense recalled in Definition 2.1; standard references for this

language are 21, 13, 25|

peEZ

The Hilbert function of S/I(Z) measures the number of independent conditions im-
posed by Z on hypersurfaces of each degree. If the points are general, this function is
usually governed by dimension counts. For special configurations, however, incidence
and symmetry can force unexpected dependencies.

One recurrent phenomenon is the tension between symbolic and ordinary powers;
see |7, 2, 3] for broad introductions to this comparison. The symbolic power I(Z)™
consists of forms vanishing to order at least m at every point of Z, as recalled in
Definition 2.8 and used concretely in Lemma 2.9. It is therefore geometric in nature.
The ordinary power /(Z)", on the other hand, consists of sums of products of r forms
from I(Z) and is sensitive to the way the ideal is generated. The inclusion I(Z)" C
I(Z)™ is automatic, but the reverse direction is more subtle.

This distinction becomes concrete for line arrangements. If L = Ly---L, is a
product of line equations, then the vanishing order of L at a point is exactly the
number of arrangement lines passing through that point. Thus a product of lines gives
an immediate symbolic-power candidate. The difficult part is to decide whether the
same product lies in an ordinary power. For Yoshinaga’s arrangement, this distinction

produces a failure of the I® C I? containment.

1.3 Symbolic-power containments

Containment problems for symbolic powers form one of the central algebraic threads
of the dissertation. General theorems of Ein—Lazarsfeld-Smith and Hochster—-Huneke,
recalled precisely in Theorem 2.11, imply uniform containments of symbolic powers
inside ordinary powers in regular rings [12, 22|. In the case of finite point sets in the

plane, these results guarantee
[(21") C I

It is natural to ask whether the exponent 2r can be improved. A particularly tempting

strengthening for points in the plane is

](27‘—1) C ]'r'
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For r = 2 this becomes the containment [® C 2.

Special point sets arising from line arrangements show that this proposed improve-
ment fails. The failure is not merely numerical. One must produce a concrete form
that vanishes to the required symbolic order and then prove that it is not contained in
the ordinary power. In this thesis this is done by combining elementary multiplicity

arguments with exact normal-form computations over explicitly defined fields.

1.4 Projections and geproci configurations

A second guiding problem concerns finite subsets of P* and their general projections to
P2, Following Chiantini and Migliore [5], a finite set Z C P3 is called geproci if a general
projection of Z to the plane is a complete intersection; the formal definition used in the
thesis is Definition 2.17, and complete intersections are recalled in Definition 2.3. Grids
provide the basic examples: if one takes points on two skew lines and joins them in the
natural way, a general projection can produce the intersection of two plane curves.

The interest of the subject comes from non-grid examples. The H, configuration
is a distinguished example: it comes from a highly symmetric root system and has
a general projection that is a complete intersection of type (6,10). Its behavior is
not explained by the elementary grid construction. This makes it a useful test case
for understanding which spatial configurations can be recognized by their projected
complete-intersection structure.

The thesis treats the Hy example as a bridge between finite geometry, root systems,
and commutative algebra. The complete-intersection property is a geometric statement
about general projections, but it is reflected algebraically in the Hilbert function and

the ideal of the projected point set.

1.5 Weddle loci and interpolation by cones

The Weddle part of the dissertation concerns interpolation problems in P2, following the
classical tradition of Weddle, Baker, and Hudson [30, 1, 23]. Fix points py, ..., ps € P3.
For a point v € IP3, one can ask whether there exists a cone with vertex v and prescribed
degree passing through all the p;. As v varies, the set of such vertices is a Weddle-type
locus.

The classical Weddle surface appears for quadric cones through six general points
in P2 and is a singular quartic surface; this is the object formalized in Definition 5.1.
Its construction is elementary in spirit: one writes down a linear system of quadrics
constrained to be singular at a chosen vertex and to pass through fixed base points.

The resulting determinant condition defines the vertex locus.
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For higher-degree analogs, the thesis uses the Macaulay-duality multiplication map
in the quotient by powers of the dual linear forms. Its determinantal ideals define
the Weddle schemes directly, while their expected codimensions determine the relevant

degrees and Cohen—Macaulay properties.

1.6 Higher contact on the Fermat cubic

The final geometric theme is the study of higher-order contact on the Fermat cubic
3+ y3 + 22 =0.

A smooth plane cubic becomes an elliptic curve after choosing a flex as the origin |26,
15], and the notions of flex, sextactic point, and type-9 point are fixed in Definition 2.19.
The tangent line at a point p meets the cubic again at a residual point v(p), and in

the group law this map is

v(p) = —2p.

This simple formula governs much of the special contact geometry of the curve.
Flexes correspond to 3-torsion. Sextactic points are points at which an irreducible
conic has contact order six with the cubic. Type-9 points are non-flex points at which
an irreducible cubic distinct from the original cubic has contact order nine. These
notions are geometric, but on a smooth cubic they are controlled by torsion conditions.
The Fermat cubic is especially suitable for an explicit discussion because its symmetry

makes the relevant torsion sets accessible.

1.7 Organization of the dissertation

Chapter 2 fixes the preliminaries and notation for projective point schemes, complete
intersections, symbolic powers and containments, projections and geproci sets, Weddle
loci, and the group law on a smooth cubic.

Chapter 3 discusses Yoshinaga’s arrangement and the containment failure attached
to its singular points. Chapter 4 treats the H, configuration and the geproci property.
Chapter 5 reviews Weddle surfaces and related vertex loci. Chapter 6 studies flexes,
sextactic points, and type-9 points on the Fermat cubic. Chapters 3-5 include theorem-
specific SINGULAR certificates, while Chapter 6 contains exact auxiliary checks of the
flex counts and tangent-residual identities used there. The computational appendix

contains the corresponding implementations and reusable libraries.



2  Preliminaries

This chapter collects the basic notions and tools that will be used throughout the
thesis. We recall the standard language of projective point schemes, saturated ideals,
Hilbert functions, complete intersections, symbolic powers, projections, Weddle loci,
and minimal free resolutions. The aim is not to give a complete survey, but rather to
fix notation and to isolate the algebraic and combinatorial ingredients needed in the
later chapters. Standard background references for this chapter are Hartshorne [21],
Eisenbud [13], Fulton [15], Migliore [25], and the survey of symbolic powers by Dao—De

Stefani-Grifo-Huneke-Nunez-Betancourt [7].

2.1 Projective spaces and homogeneous coordinate
rings

The conventions in this section are standard; see, for instance, Hartshorne [21, Chap-
ter I] and Eisenbud [13, Chapters 1-2].

Let K be an algebraically closed field unless explicitly stated otherwise. The pro-
jective space PV = P¥ is the set of one-dimensional linear subspaces of KN*1. Tts

homogeneous coordinate ring is
S =Klzg,...,zn],
graded by the total degree. A homogeneous ideal I C S defines the projective variety
V(I) = {p € P : f(p) = 0 for all homogeneous f € I}.

Conversely, a projective subscheme is described by a saturated homogeneous ideal.
For a point p = [ag : - -+ : ay| € PV, the ideal I(p) is generated by the linear forms
vanishing at p. If Z = {p1,...,ps} is a reduced finite set of points, then

12) = 1),
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More generally, a zero-dimensional subscheme is described by a saturated homogeneous

ideal whose quotient ring has Krull dimension one.

Definition 2.1 (Saturation)
Let m = (zg,...,zy) be the irrelevant ideal. The saturation of a homogeneous ideal
I C S is defined as

I ={feS:m'f CI for somet >0}

The ideal I is saturated if I = 5.

2.2 Hilbert functions

For Hilbert functions of graded modules and finite projective schemes we follow the
standard treatments in [13, 25].
Let M = @ -, My be a finitely generated graded S-module. Its Hilbert function is

For a finite scheme Z C PV, the Hilbert function of Z is

If Z is reduced and consists of s points, then Hz(d) = |Z| = s for all sufficiently large
d.
The value of Hz(d) can be interpreted as the number of independent conditions

imposed by Z on hypersurfaces of degree d. Indeed,

N
dimKSd: ( +d),

N

and the degree-d piece I(Z)4 is the vector space of degree-d forms vanishing on Z.

Hence

A special configuration is often detected by the failure of Z to impose independent

conditions in some degree.

Definition 2.2 (Initial degree and regularity index)

For a homogeneous ideal I C S, its initial degree is

a(l) = min{d : I, # 0}.
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For a finite set of points Z, the regularity index is the least degree from which the
Hilbert function of S/I(Z) equals |Z].

2.3 Complete intersections

A complete intersection is one of the most rigid kinds of projective schemes; for back-
ground see [13, 21, 25].

Definition 2.3 (Complete intersection)
Let X C PV be a subscheme of codimension ¢ with saturated homogeneous ideal Ix.

We say that X is a complete intersection of type (dy, ..., d.) if
Ix = (F,...,F,)

where Fi, ..., F,. is a homogeneous regular sequence and deg F; = d;.

In the plane, a reduced complete intersection of type (a,b) is the intersection of
two curves of degrees a and b having no common component. It consists of ab points

counted with multiplicity.

Proposition 2.4 (Plane complete intersections)
Let F,G € K|z, y, z] be homogeneous forms of degrees a and b with no common com-

ponent. Then the scheme
Z =V(F,G) cP?

is zero-dimensional of degree ab. If all intersection points are reduced, then Z is a
reduced set of ab points and [(Z) = (F,G).

PROOF. Since F' and GG have no common component, the ideal (F,G) has height two
in the polynomial ring K[z,y,z]. Thus F,G form a homogeneous regular sequence
and define a zero-dimensional complete intersection in P2. The degree of a complete
intersection is the product of the degrees of the defining equations, hence deg Z = ab.
Equivalently, this is Bézout’s theorem with multiplicities. If the intersection points are
reduced, the complete-intersection ideal is radical and equals the ideal of the reduced

point set. 0

Remark 2.5

A finite set of ab points lying on curves of degrees a and b is not automatically a
complete intersection of type (a,b). One needs the scheme-theoretic ideal of the point
set to be generated by a regular sequence of those degrees; set-theoretic containment

alone may leave residual or embedded structure.
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2.4 Intersection multiplicity and Bézout’s theorem

We use the classical intersection-theoretic form of Bézout’s theorem; see Fulton [15]
and Hartshorne |21, Chapter IJ.

Let C = V(f) and D = V(g) be plane curves in P* with no common component. At
a point p € C'N D, the local intersection multiplicity I,(C, D) measures how strongly
the two curves meet at p. It is equal to 1 when the two curves meet transversely,
and it is larger when the curves are tangent or when the intersection is otherwise
non-transversal.

More formally, provided the intersection is isolated at p, one defines

I,(C, D) = dimg Op2,/(f, g).

Theorem 2.6 (Bézout’s theorem)
Let C, D C P? be plane curves over an algebraically closed field K. Assume that C' and

D have no common component. Then

> L(C, D) = deg(C) deg(D).

peCND

In other words, two plane curves of degrees m and n intersect in mn points when
the points are counted with their intersection multiplicities. This form of Bézout’s
theorem will be used repeatedly for intersections involving tangent lines, conics, and

cubics.

Lemma 2.7 (Multiplicity of a product)
Let f= fi1--- fs be a product of local equations at a smooth surface point p. Then

mult,(f) = imultp(fi).
i=1

In particular, if exactly r distinct lines of an arrangement pass through p, then the

product of all line equations has multiplicity r at p.

PROOF. In the regular local ring Op2 ,, the order of vanishing satisfies

ord,(fg) = ord,(f) + ord,(g).

A line through p has order one at p, and a line not passing through p has order zero.

Summing over the factors gives the claim. O
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2.5 Symbolic powers

Symbolic powers are discussed in many sources; throughout this thesis we use the

standard commutative-algebra convention from [13, 7].

Definition 2.8 (Symbolic power)
Let I € S be a homogeneous ideal. The m-th symbolic power is

"™=sn () IS,
peAss(S/I)

where the intersection is taken inside the total quotient ring. If I = I(Z) is the radical

ideal of a finite set of points, then

1(2)™ = () 1)

pEZ

Thus F € I(Z)™ precisely when F vanishes to order at least m at every point of Z.

Lemma 2.9 (Symbolic membership for products of lines)
Let A be a line arrangement in P2, let L be the product of all line equations, and let
Z be a set of singular points of the arrangement. If at least m lines of A pass through
every point of Z, then

Lel(z)™,

PROOF. At a point p € Z, the vanishing order of L equals the number of lines of
the arrangement passing through p. By assumption this number is at least m. Hence
L belongs to I(p)™ for every p € Z, and therefore to the intersection (1, I(p)™ =
(7)), O

Remark 2.10
For the full singular locus of an arrangement containing double points, the product of
the line equations has multiplicity only two at a double point. Therefore it cannot by

itself prove membership in the third symbolic power of the full singular-locus ideal.

2.6 Containment theorems and counterexamples

For every radical ideal one has
IrcIm.

The reverse containment is much more difficult. The fundamental uniform theorem is
the following; it is one of the main reference points for the containment problem [12,

22, 20].
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Theorem 2.11 (Ein—Lazarsfeld-Smith; Hochster—-Huneke, [12, 22])
Let R be a reqular ring containing a field, and let I C R be a radical ideal of big height

at most e. Then
I(er) cJ

for every r > 1.

Remark 2.12
The characteristic-zero proof uses multiplier ideals, while the positive-characteristic
proof uses tight closure. The consequence needed in this dissertation is that for a

radical ideal of points in PV, one has
I(Nr) C I

The theorem is quoted here as a standard uniform containment theorem.

For points in the plane, the theorem gives 1(?) C I". The proposed containment

[(27“71) cJr

is stronger. When r = 2, it becomes I®® C I?. The dual Hesse configuration and

Yoshinaga’s arrangement show that this strengthening fails in general [10, 29].

2.7 Initial degrees and resurgence

The invariants recalled here are standard in the literature on symbolic powers and
point configurations; see [2, 3, 19, 20].
The initial degree of a symbolic power records the least degree of a form with a

prescribed uniform multiplicity along the point set:
(m)y _ ¢ . 7(m)
a(I'"™) =min{d : I;" # 0}.

The Waldschmidt constant is the asymptotic invariant

(1) = 1im U ™).

m—o0 m

The limit exists because the sequence a(1(™) is subadditive.

Another invariant measuring symbolic-ordinary containment is the resurgence

p(I) zsup{% 1M ¢ IT}.
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The failure of I®® C I? implies p(I) > 3/2 for the relevant ideal. In this thesis, these
invariants serve mainly as background for understanding why explicit containment

failures are significant.

2.8 Cayley—Bacharach principle

The Cayley-Bacharach theorem is a useful tool for complete intersections of points in
the plane; the elementary form used below follows the standard treatment of plane

curves and complete intersections in [15, 13, 25].

Theorem 2.13 (Cayley—Bacharach, plane form)
Let Z = C, N Cy, C P? be a reduced complete intersection of curves of degrees a and
b. If a curve of degree a + b — 3 passes through all but one point of Z, then it passes

through the remaining point as well.

PROOF. Write
C. =V(A), Cy, =V(B),

where A and B are homogeneous forms of degrees a and b. Let
Z' = Z\{p}
and suppose, for contradiction, that there exists a form F' of degree a + b — 3 such that
Flz7=0 but F(p) # 0.

Choose a line ¢ = V(L) through p which contains no other point of Z and which is
not tangent to either C, or Cy at p. Then the form LI vanishes at every point of Z.
Since Z is the complete intersection defined by A and B, its ideal is

1(Z) = (A, B).

Hence
LF = AU + BV

for some homogeneous forms
deglU = b — 2, degV =a — 2.
Now restrict this identity to the line £. Since L = 0 on ¢, we obtain

0=AU+ BV
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on / ~ P!, where bars denote restrictions to /.
By the choice of ¢, the curves C, and C}, meet ¢ in a common point only at p, and

the intersection there is simple. Thus
A=)\, B = \By,

where A is a linear form on ¢ vanishing at p, and A; and By have no common factor.
Therefore
AU + BV = 0.

Since A; and B; are coprime, A; divides V. But
degA; =a—1 and degV < a—2,

so V = 0. Similarly, U = 0.
Thus both U and V' vanish identically on the line ¢, so both are divisible by L.
Write
U=LU, V=LV

Then
LF = A(LU’) + B(LV’) = L(AU’ + BV’).

Canceling L, we get
F =AU+ BV'.

Hence F' € (A,B) = I(Z), so F vanishes at every point of Z, including p. This
contradicts F(p) # 0.
Therefore every curve of degree a + b — 3 passing through all but one point of Z

must also pass through the remaining point. O

2.9 Minimal free resolutions

For minimal graded free resolutions and Betti numbers we use the conventions of Eisen-
bud [13].

Let M be a finitely generated graded S-module. A minimal graded free resolution
of M has the form

0 M« @ S(—j)* « @ S(—j)*s -
j j

The integers 3; ; are the graded Betti numbers. They record the degrees of generators
and syzygies.
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For a finite point set Z, the resolution of S/I(Z) or of I(Z) gives more refined
information than the Hilbert function alone. In computations involving special config-
urations, a change in Betti numbers often signals a special incidence or an unexpected

relation among generators.

Definition 2.14 (Arithmetically Cohen—Macaulay scheme)

Let X C PV be a projective scheme. Write S = k[x,...,2x], and let Iy C S be its
saturated homogeneous ideal. We say that X is arithmetically Cohen—Macaulay (ACM)
if its homogeneous coordinate ring S/Ix is Cohen-Macaulay, that is, depth(S/Ix) =

dim(S/Ix).

The determinantal ACM curves used in the Weddle construction below are treated
in detail by Chiantini, Farnik, Favacchio, Harbourne, Migliore, Szemberg, and Szpond
in [6, Proposition 5.2].

We shall use the following linear case of the Hilbert—Burch theorem [13, 25|.

Theorem 2.15 (Hilbert—Burch)
Let M be an r x (r+ 1) matriz of linear forms in S = k[xo, ... ,xn|, and let I = 1,(M)
be its ideal of maximal minors. If ht I = 2, then I is perfect and has the graded free

resolution
r MT r+1
0— S(—r—1)" — S(-r) — 1 — 0.

Consequently S/I is Cohen—Macaulay. In particular, when N = 3, the corresponding

projective curve is ACM.

2.10 Normal forms and membership tests

The computational membership tests in the thesis are based on the standard Grobner-
basis normal-form criterion, implemented in SINGULAR [8] and described, for example,
in [13, 17].

Let G be a Grobner basis of an ideal J C S with respect to a fixed monomial order.
For a polynomial f € S, the normal form NF(f;G) is the remainder after division by
G.

Lemma 2.16 (Normal-form criterion)

With notation as above,
fedJ <« NF(f;G)=0.

If I = (f1,..., fr), then I C J if and only if NF(f;; G) = 0 for every generator f;.
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PRrROOF. The first equivalence is the standard membership criterion for Grobner bases.
For the second statement, the ideal I is contained in J exactly when each generator of

I is contained in J. Applying the first criterion to each generator gives the result. [

2.11 Linear systems and projections

The language of linear systems and projections is standard in projective geometry;
see |21, 9].

A linear system of degree-d hypersurfaces in PV is a projective linear subspace of
P(S;). Imposing that a hypersurface pass through a point is a linear condition. Impos-
ing a singularity or a prescribed multiplicity at a point gives several linear conditions,
described locally by the vanishing of partial derivatives up to the appropriate order.

Let Z C P? be a finite set and let p € P?\ Z. Projection from p is the rational map

Tp P35 P?

defined by evaluating linear generators of I(p) at points of P3. Intuitively, one can think
of P? as a hyperplane H in P?. Then the image of ¢ € P under 7, is the intersection
of the line pq with H. For p outside a proper closed subset, the projection is injective

on Z and preserves the cardinality of Z.

2.12 Grids and geproci sets

Geproci sets were introduced by Chiantini and Migliore [5]; the exceptional Hy example

used later is due to Wisniewska and Zigba [31].

Definition 2.17 (Geproci set)
A finite set Z C P? is called geproci if, for a general point p € P3, the projection

m, i PP -y P?

maps Z onto a complete intersection in P2 More precisely, if 7,(Z) is a complete

intersection of plane curves of degrees a and b, then Z is called an (a, b)-geproci set.

The simplest examples of geproci sets are grids. Let

A:{Ll,...,La}, B:{Ml,...,Mb}
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be two families of lines in P? such that the lines in each family are pairwise skew, and

such that every line L; meets every line M;. Then the set

consists of ab points and is called an (a, b)-grid.
For a general projection 7, : P® --» P2, the lines Ly, ..., L, project to a lines in P?,
and the lines My, ..., M, project to b lines in P2, Hence the projected set 7,(Z) is the

intersection of two plane curves,
7Tp(L1U"'ULa) and Wp(MlLJ"‘UMb),

of degrees a and b, respectively. Thus 7,(Z) is a complete intersection in P?, and every
grid is geproci.

Following Wisniewska and Zieba [31], let a and b be positive integers. A set Z C
P3 of ab points is called an (a,b)-half-grid if it is covered by a mutually skew lines
Ly,..., L, and, under a general projection m,, the set m,(Z) is the complete intersection
of the degree-a plane curve m,(L; U ---U L,) with a possibly reducible plane curve of
degree b. Thus one defining curve splits into the projected lines, whereas the other
need not split into lines.

Geproci sets which are neither grids nor half-grids are of particular interest, be-
cause in their case the complete-intersection property of the general projection is not
explained by an evident line configuration in P3. The H, configuration is one such
example. Its general projection is a complete intersection of type (6, 10), but the con-

figuration is neither a grid nor a half-grid.

2.13 Weddle loci

The classical Weddle surface and related loci go back to Weddle [30]; classical refer-
ences include Baker [1] and Hudson [23], and a modern perspective can be found in
Dolgachev [9].

Let pi1,...,ps € P? be fixed. A surface ¥ C P? is called a cone of degree d with
vertex v if ¥ has degree d and is swept out by lines passing through v. Equivalently,
for every point g € ¥, ¢ # v, the line g is contained in Y. After a projective change
of coordinates sending v to [1 : 0 : 0 : 0], such a cone is defined by a homogeneous
equation

F(zy,29,23) =0

of degree d, independent of the coordinate x.
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The Weddle problem asks for the locus of points v € P? for which there exists a
cone of prescribed degree d with vertex v passing through the given points pq, ..., ps.
In the classical case of six general points and quadric cones, this locus is the Weddle

quartic surface.

Remark 2.18

In the characteristic-zero setting used in Chapter 5, the Weddle scheme is defined by the
determinantal ideal of the relevant Macaulay-duality multiplication map. Its expected
codimension must be verified before the determinantal degree formula is applied; satu-
ration or radicalization is needed only when one passes from that scheme structure to
a different support or residual construction. No positive-characteristic version of the

results cited there is asserted in this thesis.

2.14 The group law on a smooth plane cubic

For the group law on smooth plane cubics and its relation to divisors, see Silverman [26]
and Fulton [15].

Let C C IP? be a smooth plane cubic and choose a flex point o € C' as the origin.
The chord-and-tangent construction gives C' the structure of an elliptic curve. If a line

meets C' at p, q,r, counted with multiplicities, then
pt+tqg+r=o.
In particular, if the tangent line at p meets C' with residual point v(p), then
2p + v(p) = o, hence v(p) = —2p.

A plane curve of degree d cuts on C' a divisor linearly equivalent to 3d 0. Thus if a

degree-d curve has contact divisor 3d p with C', then
3d(p—o0)=o0

in the group law. This is the basic mechanism behind the torsion descriptions used

later.

Definition 2.19 (Flex, sextactic point, and type-9 point)

A point p € C is a flex if the tangent line has contact order 3 with C at p. It is a
sextactic point if there is an irreducible conic having contact order 6 with C at p. A
non-flex point p € C' is a type-9 point if there is an irreducible cubic different from C'

having contact order 9 with C' at p.
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Proposition 2.20 (Necessary torsion condition for sextactic points)
Let C' be a smooth complex plane cubic with origin a flex point. If a conic has inter-

section divisor 6p with C', then 6(p — 0) = o in the group law.

PROOF. A conic cuts on C a divisor linearly equivalent to 60. If its intersection divisor

is 6p, then 6p ~ 6o on the elliptic curve, hence 6(p — 0) = o in the group law. O]

Proposition 2.21 (Torsion counts)

For a smooth complex cubic C', write C'[n] for its subgroup of n-torsion points. Then
C[n] = (Z/nZ)*.

Hence |C[3]| =9, |C[6]| = 36, and |C[9]| = 81.

PROOF. Analytically, a smooth complex cubic is isomorphic to C/A for a lattice A.
Its n-torsion subgroup is (£A)/A, which is isomorphic to (Z/nZ)?. O






3 Yoshinaga’s Arrangement

and the Containment Problem

This chapter is devoted to one of the most instructive examples in the study of con-
tainments between symbolic and ordinary powers of ideals of points in the projective
plane. We use the notation and containment terminology fixed in Definition 2.1, Def-
inition 2.8, Lemma 2.9, and Theorem 2.11. The example is Yoshinaga’s arrangement
of 18 lines, treated in detail by Tombarkiewicz and Zieba [29]. Its importance comes
from the fact that its singular locus gives explicit counterexamples to the containment
8 C I?,
both for the set of triple points and for the full singular locus of the arrangement.
The construction may be viewed as a deformation of the sixth Fermat arrange-
ment. This point of view is useful because the Fermat arrangement has many highly
symmetric multiple points, while Yoshinaga’s deformation preserves enough incidence
structure to produce many triple points but changes the geometry in a way that leads
to non-containment. We describe the arrangement explicitly, identify the relevant
point configurations, and then verify the failure of containment by exhibiting concrete

elements in symbolic cubes which do not belong to the corresponding ordinary squares.

3.1 Background and Motivation

Let I C K[z,y, 2] be the radical ideal of a finite set of points in P?. As recalled in
the preliminaries, the ordinary power I™ is generated by products of m elements of I,
whereas the symbolic power 1™ consists of forms which vanish to order at least m at
every point of the set. Hence one always has

mcm,

The reverse inclusion is much more delicate and is rarely true in general.

19
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The Ein-Lazarsfeld-Smith and Hochster-Huneke containment theorem implies, in

the plane case, that
](27‘) C I

for all » > 1. For r = 2, this gives I®® C I?, but it says nothing about the intermediate
containment
I® c 12

The first known counterexample to this containment for points in P? is obtained from
the dual Hesse arrangement [10]. Yoshinaga’s arrangement gives another fundamen-
tal counterexample, with different combinatorics and with a very explicit geometric
element [29].

The aim of this chapter is therefore twofold. First, we present the arrangement
in explicit coordinates. Second, we explain why the relevant forms belong to the
symbolic cubes and why they fail to belong to the ordinary squares. The symbolic
membership is visible from multiplicities along the arrangement, while the failure of

ordinary membership is checked by Grébner basis computations.

3.2 Yoshinaga’s Arrangement

Throughout this chapter we work over C. Let

a = 6271'1'/6‘
Following the standard construction of Fermat-type arrangements used in the con-
tainment literature [11, 10, 28, 29|, we start from the sixth Fermat, or sixth Ceva,

arrangement
Qﬁ(xa Y, Z) = <x6 - y6)(y6 - ZG)('ZG - ‘T6)'

This is an arrangement of 18 lines in P2. It has 36 triple points and 3 points of
multiplicity 6. Its strong symmetry makes it a natural starting point for constructing
line arrangements with many multiple points. Figure 3.1 records this Fermat starting
arrangement.

Yoshinaga’s arrangement is obtained by deforming a six-line subpencil of Qg to-

gether with its two cyclic images. Fix ¢ = 15, and define

Pl(z,y,2) = (2° — y*)(x + y — c2)(ax + a°y + c2)(a’x + ay + cz).
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Figure 3.1: Schematic incidence diagram of the Fermat arrangement QQg, used as the
starting configuration for Yoshinaga’s deformation. The curved arcs represent projec-
tive lines only to display the incidences clearly; the drawing is not an affine realization
of the arrangement.

This polynomial is a product of six linear forms. It is the simplicial arrangement A, (6),

which has 4 triple points and 3 double points. Expanding the product gives

P = 28 — 8 + 3extyz — 3eayty — A2 + ASy32B.

Let
7(z,y,2) = (y, 2, 7)

be the cyclic permutation of the variables, and put
Py =1(P),  Py=1(P).
The defining equation of Yoshinaga’s arrangement is then

F = P|P,P,.
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Thus F splits into 18 linear factors. The resulting arrangement has 57 singular points:
48 triple points and 9 double points. Figure 3.2 shows the deformed arrangement used

in the theorem below.

3.2.1 The explicit line equations

In the normalization above, the 18 lines are given by the following equations:

bix—y=0 lo:x+15ay+(a—1)z=0
l:x+ay=0 x4+ (a—1)y+15az =0
lz:x4+(—a+1)y=0 oz —ay+ (—15a+15)z2 =0
lby:x—15y+2=0 li3:x—2=0

ls:x— &y —+£2=0 ly:z+(—a+1)z=0
lg:x+y—152=0 lis:x+az=0

&:x—k%y—f—(—%—l—%)z:o lig:y—2=0
Egza:—i-(—%—l—%)y—l—%z:o bir:y+(—a+1)2=0
ly:x+ (—15a+15)y —az =0 lig iy +az=0.

We denote by
18
L=]]¢
i=1

the defining equation of the arrangement. Let P; be the set of its 48 triple points, and
let P, be the set of its 9 double points. The full singular locus is

P=773U732.
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Figure 3.2: Schematic incidence diagram of Yoshinaga’s arrangement obtained from a
deformation of the sixth Fermat arrangement. The curved arcs represent projective
lines only to display the incidences clearly; the drawing is not an affine realization of
the arrangement.

3.3 The Non-Containment Statement

We now state the main result of this chapter. The result concerns two ideals: the

radical ideal of the triple points alone, and the radical ideal of all singular points.

Theorem 3.1 (Non-containment for Yoshinaga’s arrangement, [29])
Let P be the set of all 57 singular points of Yoshinaga’s arrangement, and let I = I1(P)
be its radical ideal. Then

8¢ 12

Let Ps be the set of 48 triple points, and let I3 = [(Ps3). Then

Y ¢ 12,
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PROOF. We first consider the set Ps of triple points. Since

18
L= H&-
=1

is the product of all defining linear forms of the arrangement, its multiplicity at a
singular point is equal to the number of arrangement lines passing through that point.
Hence, for every p € Ps,

mult, (L) = 3.

Therefore
Leld

A direct Grobner basis computation, described below, gives
NF(L;std(I3)) # 0.

Thus L ¢ I3, and consequently
¢ 12

We now consider the full singular locus P = P3UP,. At the double points the form
L has multiplicity only 2, so L need not belong to I®. We therefore multiply it by the
cubic 3379
h:$3+y3+z3—ﬁxyz.
This cubic vanishes at the nine double points of the arrangement. Hence, at every
double point ¢ € Ps,

mult,(Lh) >2+1=3.

At every triple point p € Ps3, the form L already has multiplicity 3, and so
mult,(Lh) > 3.

It follows that
Lh e I®.

A second Grobner basis computation gives
NF(Lh;std(1?)) # 0.

Therefore Lh ¢ I?, and hence
18 ¢ 12
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Figure 3.3 summarizes the two witness elements used in the proof.

Ps 18 L€ I(P3)®

Py| = 48 L=1Lixt L I(Py)?
P =P3UP; Lh € I(P)®)
Lh .

1P| = 57 : Lh ¢ I(P)?

Figure 3.3: The two elements used to check non-containment. The line product L
proves the failure for the set of triple points, while Lh proves the failure for the full
singular locus.

Remark 3.2

The same construction also suggests studying intermediate configurations
P3sC ZCP.

For every such Z, the form Lh belongs to I(Z)®), since it vanishes to order at least 3

at all triple points and at all double points. However, the failure of containment
1(2)® ¢ 1(2)?

does not follow formally from the two extreme cases Z = P3 and Z = P. It has to
be checked separately for each intermediate configuration, or proved by an additional
argument. The point-list certificate invoked by Listing 3.1 records only the two extreme

configurations used in Theorem 3.1.

3.4 Computational Verification

The exact certificate below has two logically separate tasks. First it verifies that the
stated 48 + 9 points form the complete singular locus of the 18-line arrangement. It
then checks the symbolic-power memberships and the failures of membership in the
ordinary squares. The latter step is a direct Grobner basis computation.

We briefly recall the computational principle. Let J C K[z, vy, 2] be an ideal, and
let G be a Grobner basis of J with respect to a fixed monomial order. For a polynomial

f, the normal form

NF(f; G)
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is the remainder obtained by division of f by G. Then
fedJ < NF(f;G)=0.

Thus, to prove that an element f does not belong to J, it is enough to compute a

nonzero normal form modulo a Grobner basis of J.

3.4.1 Completeness of the singular locus

The incidence part of the script first checks that all 57 listed homogeneous triples are
nonzero and pairwise distinct as projective points, and that the 18 linear forms define
pairwise distinct lines. It then verifies that precisely three lines pass through each of
the 48 listed triple points and precisely two lines pass through each of the 9 listed
double points.

Finally, the script examines all

18
=1
(5) =1

pairs of lines. Each pair meets in exactly one point of the list, and the number of line
pairs represented by each listed point is 3 for a triple point and 1 for a double point.

The resulting exact ledger is

48(2) + 9(;) =144 +9 = 153.

Every singular point of a line arrangement is the intersection of at least two of its lines.
Consequently, exhausting all 153 line pairs proves that no additional singular point is

missing from the list.

3.4.2 Point ideals and symbolic powers

The computation starts from explicit homogeneous coordinates of the singular points.

For a point

p=I[p1:p2:ps] € P2

we use the ideal

I(p) = (p1y — p2, P12 — D3, P2z — P3y).

This ideal is generated by the 2 x 2 minors of the matrix

b1 P2 P3
xyz7
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and hence defines the point p = [p; : pa : p3].
Then

L= ()1, I={)Ip)

pEP3 peEP
Since the ideals are radical ideals of reduced points, their third symbolic powers are

computed as

= 1p? 19 =1(p"

pEP3 peEP

This is precisely the form of symbolic powers recalled in the preliminaries.

3.4.3 Normal-form tests

The short, executable driver is reproduced below in Listing 3.1. It loads the exact
input and implementation printed in Section A.2.

The composed executable source carries out the following checks:
NF(L:std(I{Y)) =0,  NF(L;std(I2)) #0,

and
NF(Lh;std(I®)) =0,  NF(Lh;std(I%)) # 0.

It also verifies the complete incidence data:

18
P3| = 48, |P2| =9, (2) = 153.

Thus the computation proves that the coordinate lists give the entire singular locus and
confirms the two containment claims proved above: L is a non-containment witness for
the triple-point configuration, and Lh is a non-containment witness for the full singular

locus.

3.4.4 Exact incidence and containment certificate driver
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Printed dependencies: Listings A.5-A.6.

Listing 3.1: Certificate driver for Yoshinaga’s exact incidence and containment checks

// Yoshinaga certificate over Q(e).

option(redSB) ;
ring R=(0,e), (x,y,2),dp;
minpoly=e~2-e+1;

LIB "yoshinaga/yoshinaga_certificate.lib";
execute (read("yoshinaga/data/yoshinaga_input.inc"));

int yoshinaga_ok=0;
yoshinaga_ok=verifyYoshinagaCertificate();
if (yoshinaga_ok!=1) { exit; }

"PASS: exact Yoshinaga incidence and containment certificate";

3.5 Conclusion

Yoshinaga’s arrangement gives a particularly transparent counterexample to the con-
tainment
1®cr

For the 48 triple points, the non-containment witness is simply the product L of all
18 defining lines. For the full singular locus, one must also account for the 9 double
points; this is achieved by multiplying L by the cubic

3379

h:x3+y3+z3—ﬁxyz.

The symbolic membership follows directly from the vanishing multiplicities at the sin-
gular points. The failure of ordinary membership is verified by Grobner basis normal
forms.

This example illustrates the central theme of the containment problem: symbolic
powers are governed by local multiplicity conditions, while ordinary powers encode a
more rigid global algebraic structure. Yoshinaga’s arrangement shows that even for
highly structured configurations coming from line arrangements, these two conditions

may differ in a substantial way.



4 The H,; Configuration and

General Projections

The purpose of this chapter is to present one of the most remarkable sporadic examples
in the theory of geproci point sets. In Chapter 2 we recalled the basic language of finite
point configurations in projective space, linear projections, complete intersections, and
Bézout’s theorem. We now apply these notions to a highly symmetric configuration of
60 points in P2, known as the H, configuration.

The importance of this example comes from the fact that it is geproci but does
not arise from the standard line-based constructions. The known infinite families of
geproci sets, such as grids and half-grids, are built from configurations of lines in P3.
The Hy configuration behaves differently: it is a set of points coming from the Hy root
system, and under a general projection to the plane it becomes a complete intersection
of type (6,10). Thus it shows that the geproci property is not exhausted by grids and
half-grids.

The theorem discussed in this chapter was proved by Wisniewska and the author
in [31], building on the framework introduced by Chiantini and Migliore [5]. We present
the construction, explain the geometric mechanism behind the geproci property, and

give the complete computational checks later in this chapter.

4.1 The H, Configuration

Let H, denote the non-crystallographic root system of type H;. Geometrically, this
root system is closely related to the regular 600-cell. The 600-cell has 120 vertices,
and after identifying antipodal vertices one obtains a set of 60 points in projective

three-space. This is the point configuration denoted by
ZH4 C 3.

Equivalently, Zg, is the projectivization of the Hy root system. Throughout this
chapter we use the numbering from [31]: the projective points are py, ..., pgo, and the

72 lines containing exactly five configuration points (the 5-reach lines defined below)

29
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are {1, ...,0r. Their incidence structure is recalled in Section 4.3. Figure 4.1 gives a
schematic view of this passage from roots to projective points.

This configuration has a very large symmetry group. This symmetry is the reason
why it is possible to find special surfaces through the points and, after projection,
special curves through their image. The resulting behavior is not accidental. It is a

manifestation of the strong incidence structure carried by the H4 root system.

120 roots Zu, C PP
T 120/2 =60 —,

|Za,| = 60

Figure 4.1: Antipodal identification of the 120 H, roots, yielding 60 projective points
in P3.

4.2 The Geproci Property

We now recall the main result concerning the configuration Zg,. In the terminology
introduced in Definition 2.17, a finite set Z C P2 is geproci if a general projection of
Z to P? is a complete intersection.

For the Hy configuration, the complete intersection type is (6, 10). Since 6-10 = 60,
this is numerically compatible with the number of points in Zy,. The content of the
theorem is that for a general projection the projected points are exactly the intersection

points of a plane sextic and a plane curve of degree ten.

Theorem 4.1 (H, geproci theorem, [31])
Let Zy, C P3 be the 60-point configuration obtained from the Hy root system by pro-

jectivization. For a general point g € P2, let
Ty PP -5 P?

be the projection from q. Then the image m,(Zu,) is a complete intersection of type
(6,10). In particular,
|7T(1(ZH4>| = ‘ZH4’ = 60 - 6 . 10

Moreover, Zy, is neither a grid nor a half-grid.
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PROOF. We follow [31, Theorem 3.1|. Let ¢ and m, be as in the statement. The
existence and uniqueness of a degree 6 cone Cg with vertex ¢ through Zy, is proved
in [18, Section 3.7]. Wisniewska and Zi¢ba report a SINGULAR verification that Cg
is smooth away from its vertex. Hence its projection is a smooth plane sextic Cg
containing m,(Zu,).

For the first half of the configuration, take the (5, 5)-grid defined by

(51,525,£32,€37,€44) and (€2>€267£31a€387€43)-

If g;, respectively h;, is the equation of the plane spanned by ¢ and the corresponding
line, then g; - - - g5 and hy - - - hs generate a pencil of degree 5 cones through the 25 grid
points. The five further points are py, P39, Pao, P47, Pas, all lying on ¢54. The condition of
vanishing at p, selects a member of the pencil. The coordinate computation reported
in [31, proof of Theorem 3.1| verifies that this member also vanishes at psg, pao, a7, Pas-
Denote the resulting cone by Cs, and the resulting 30-point set by Z;. The cited
proof records that Cs is smooth away from ¢, so its projection C5 is a smooth, hence

irreducible, plane quintic. Moreover,
Z1 C Uy Ulgy Ulos U l3p U lg7 U lyy.

Thus 7,(Z;) lies on both C5 and the union of the six projected lines. The six covering
lines are mutually skew, as verified in [31]. These curves have no common component,
and Bézout’s theorem gives 5-6 = 30; hence they meet exactly in m,(Z;). In particular,
Z is a (6, 5)-half-grid.

For Zy = Zy, \ Z1, the same construction in [31, Theorem 3.1| uses the grid defined
by

(€7, €51, Loo, Los, o) and  (ls, Csa, Usg, o3, Ur1),

together with ¢17. It yields a second cone C{ whose projection is a smooth quintic C%,

and
ZQ C 67 U 617 U 651 U 660 U 665 U €70.

The six covering lines are again mutually skew [31]. The same Bézout argument shows
that Z, is also a (6, 5)-half-grid.
The product of the equations of C5 and C; defines the degree 10 curve

ClO - C5 U Cé
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containing m,(Zy,). Since the smooth sextic Cp is irreducible, it has no common

component with C'jg. Therefore, by Theorem 2.6,
length(C6 N ClO) =6-10 = 60.

For general ¢, the projection is injective on Zy,, so m,(Zu,) consists of 60 distinct

points. Consequently,
Wq(ZH4) = Cﬁ N 010,

and the complete-intersection assertion follows.

Finally, no curve of degree below 6 can contain 7,(Zy,): otherwise its intersection
with the irreducible sextic Cg would contain 60 points, contradicting Bézout. Thus any
complete-intersection presentation of these 60 points has both degrees at least 6, and
its type must be (6, 10) up to order. If Zg, were the corresponding half-grid, it would
be covered by mutually skew lines, each containing at least six configuration points.
Section 4.3 shows that no line contains more than five. Hence Zy, is not a half-grid,

and in particular it is not a grid. U

The projection mechanism in the proof is summarized schematically in Figure 4.2.

— G - G -
NN .
ZH4 CPS
- T -
) —
R [Gnd
60 N
N ./ Z
7Tq(ZH4) :CGH(O5UC5), 30 4+ 30 = 60
—_——
C1o

Figure 4.2: The geproci mechanism for the H, configuration. A general projection
sends the 60 points in P? to a plane complete intersection of type (6, 10).

Remark 4.2
Although Zg, is not itself a half-grid, the proof shows that it is very close to half-grid

geometry. Indeed, it can be written as a union
Zu, = 21U Z,

of two disjoint 30-point subsets, each of which is a half-grid. Each subset is obtained
from a (5,5)-grid by adding five further points lying on one additional 5-reach line.
Thus each Z; is a (6, 5)-half-grid: it is covered by six mutually skew 5-reach lines, and

its general projection is a complete intersection of type (6,5).
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Consequently, the full configuration is not line-free. Rather, it is built from many
highly organized collinear subsets, but in a way that does not allow the whole set of
60 points to be covered by lines with six or more points. This is precisely what makes

the example more subtle than grids and half-grids.

4.3 Incidence Structure

The H, configuration also has a natural incidence structure coming from the bilinear
form associated with the H, root system. This structure is useful both conceptually and

computationally, and it is also one of the main ingredients in the proof of Theorem 4.1.

Let
1+5
L
be the golden ratio, so that
¢ —9p—1=0.

The coordinates of the H, roots may be written over the field Q(p). If
pi = [pio : pir : Piz  Pi3] € Zn,,
we associate to p; the plane
Vi={[Xo:X1:Xo: X3] €P?| (p;, X) = 0},

where (-, -) denotes the standard bilinear form in the chosen coordinates. Thus V; is
the projective plane orthogonal to p;.

The incidence relation is encoded by the simple rule
pi €Vi <= (pi,pj)=0.

For the full H; configuration this gives a highly symmetric incidence pattern: each
point is incident with 15 of the corresponding planes, and each plane contains 15 of the
points. In this sense the configuration has a symmetric (60;5)-structure. Figure 4.3

records this point-plane incidence as a compact ledger.



34 CHAPTER 4. The H, Configuration and General Projections

%Qﬂyw pj € Vi Vi'

N —
= o é {pispj) =0
< —
& %Q pi€V;
779
#{V; :p; e V;} =15 (6015) #(Vin Zy,) = 15

Figure 4.3: Incidence schematic for the Hy configuration. Orthogonality gives the
point-plane incidence relation and leads to the symmetric (60;5) structure.

In addition to these point-plane incidences, the configuration determines many spe-
cial lines. Following [31], we call a line a 5-reach line if it contains exactly five points of
Zy,. The configuration contains 72 such lines. Moreover, no line contains more than
five configuration points, and through each point of Zy, there pass exactly six 5-reach
lines.

These 5-reach lines are crucial in the proof of the geproci property. They show that,
although Zy, is not a half-grid, it still contains large and highly organized collinear sub-
configurations. In the incidence tables and unordered pairs below, only the subscripts

of the points p; are displayed.

The first 30-point subset

The first half-grid used in the proof is obtained from the following 5-reach lines:
417 £247 €257 €327 £377 444-
Their incidences with the points of Zy, are:

line | point indices
¢y |1, 29, 32, 33, 36
loy | 4, 39, 40, 47, 48

los | 5, 13, 31, 41, 52
(3 | 6, 15, 34, 38, 58
s | 7, 14, 35, 37, 57
(4 | 8, 16, 30, 42, 51.
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Thus their union contains the following 30 points:

Zy = {p1, P41, D5, D6, P7, Ps, P13, P14, P15, D16,
D29, P30, P31, P32, P33, P34, P35, P36, P37, P38,
D39, P40, P41, P42, P47, P48, P51, P52, p577p58}-

Inside Z; there is a (5, 5)-grid. One family of lines is
617 €257 €327 €377 6447

and the other family is
427 €267 6317 6387 643'

The incidences of the second family are:
line | point indices

6, |1, 30, 31, 34, 35
ls | 5, 16, 33, 37, 58

(5 | 6, 14, 32, 42, 52
lss | 7, 15, 29, 41, 51
(5 | 8, 13, 36, 38, 57.

These two families form a (5,5)-grid of 25 points. The remaining five points of 7 lie
on the line #y,.

The role of the line f54 can also be described through the following incidence. The
point p; determines ten lines meeting the quadric containing the (5, 5)-grid in pairs of
grid points:

{5,6}, {7,8}, {13,14}, {15,16}, {29, 30},

(31,32}, {33,34}, {35,36}, {37,338}, {41,42}.

The same property is shared by the points psg, pao, pa7, pag, and these five points lie on
624.

The second 30-point subset

The complementary subset
Zy=Zn, \ Z1

has the same type of structure. It is covered by the six 5-reach lines

€77 6177 €517 EGO? 5657 E?O-
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Their incidences are:
line | point indices

¢ |2, 17, 20, 21, 24
(17 | 3, 49, 50, 53, 54
51 |9, 19, 25, 45, 59
leo | 10, 23, 27, 43, 55
les | 11, 22, 26, 44, 56
(o | 12, 18, 28, 46, 60.

Hence
Ly = {p27P3>P9>P10,P117p12>p17,p187p19>p207

D21, P22, P23, P24, P25, P26, P27, P28, P43, P44,
P45, P46, P49, P50, P535 P54, P55 P565 P59, pao}-

Again, Z, contains a (5,5)-grid. One family of lines is
877 6517 6607 6657 6707

and the second family is
U, Usa, Uss, Les, Lr1.

The incidences of the second family are:

line | point indices

ls |2, 18, 19, 22, 23
Usa | 9, 24, 28, 44, 55
lss | 10, 20, 26, 46, 59
les | 11, 17, 27, 45, 60
(1 | 12, 21, 25, 43, 56

The remaining five points of Z, lie on the line ¢5.

These explicit incidences explain the geometric mechanism used in the proof of
Theorem 4.1. Each of the sets Z; and Zy contains a (5,5)-grid and five additional
collinear points. Together with the quintic-cone construction in the proof, these inci-
dences show that each subset is a (6, 5)-half-grid: after projection from a general point,
it is a complete intersection of type (6,5). Equivalently, each subset is contained in a
cone of degree 5 with vertex at the center of projection.

Taking the union of the two degree 5 cones gives a cone of degree 10 through the
whole configuration Zy,. This is the degree 10 cone used in the proof of the (6, 10)-
geproci property.

At the same time, the incidence table also explains why Zy, is not a half-grid. The

irreducible sextic and Bézout exclude a plane curve of degree below 6 through all 60



4.4. Computational Checks 37

projected points, so any complete-intersection type has both degrees at least 6, hence
is (6, 10) up to order. Such a half-grid structure would require covering lines containing
at least six configuration points. The incidence computation shows that the maximum
number of collinear points in Zg, is 5. Thus Zg, is not a half-grid, even though it is

the union of two 30-point half-grids.

4.4 Computational Checks

The proof of Theorem 4.1 is geometric and follows [31]. The accompanying Singular
scripts also give a theorem-level certificate on the complete published configuration.
The first script checks all 60 points, the symmetric (60;5) incidence pattern, all 72 five-
point lines, and two disjoint 30-point covers by six mutually skew lines. The geometric
proof identifies the covered subsets as half-grids.

The configuration itself is fixed: the calculation concerns the published 60-point set
Zu,, not a general configuration of 60 points. What varies is the center of projection.

To represent its generic point, retain the homogeneous parameters and write

q:[q02q1:q2:q3}

over the rational function field Q(qo, ¢1, g2, g3), with the golden ratio adjoined. Thus
the ¢; are algebraically independent in the symbolic part of the calculation; they are
not assigned numerical values. On the dense chart g3 # 0, one may equivalently
normalize g3 = 1. After clearing denominators, the nonvanishing conditions define the
complement of a proper closed subset of this chart. Consequently, the identities and
rank statements obtained over the function field hold on a nonempty Zariski-open set
of projection centers, which is precisely the meaning of a general projection.

Over this function field, the script checks all (620) = 1770 projective pairs, so the
projected points are generically distinct. It then computes the 24-dimensional space
I(Zw,)s: the degree-six evaluation matrix has 84 columns and rank 60, hence its kernel
has dimension 84 — 60 = 24. A member is a cone with vertex ¢ precisely when its
56 fifth partial derivatives vanish at ¢q. Indeed, for a homogeneous form of degree 6
in characteristic zero, Euler’s identities propagate the vanishing of all derivatives of
order 5 to every lower order, which is equivalent to multiplicity 6 at ¢q. Following the
general-point matrix method of [18], the unique kernel vector is obtained from signed
maximal minors of a 23 x 24 matrix and is verified against all 56 conditions and all 60
points. Restriction to the target plane identifies these degree-six cones linearly with
the plane sextics through m,(Zg,): conversely, the cone from ¢ over any such plane
sextic belongs to the same kernel. Thus the one-dimensional kernel computed below is

exactly I(m,(Zn,))s, not merely a subspace of it.
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The decic is the product of the two quintics belonging to the two half-grids, and
coprimality with the sextic is proved symbolically by the quadratic-field norm calcula-
tion. More explicitly, a common nonconstant factor over Q(qo, ¢1, g2, ¢3)(¢) would have
a nonconstant field norm dividing the norms of both curves. Therefore the verified
equality

ged(N(fe), N(f10)) =1

implies ged( fs, f10) = 1.

The rank calculation also takes place entirely over Q(qo, q1,¢2,¢3)(¢). A nonzero
23 x 23 minor of the fifth-derivative matrix proves that its rank is at least 23. The
nonzero vector of signed maximal minors is then checked against all 56 rows, so it lies
in the kernel and proves that the rank is at most 23. Thus the rank is exactly 23,
its kernel is one-dimensional, and dim I(7,(Zu,))s = 1. Together with the symbolic
injectivity and coprimality checks, this gives 60 distinct common zeros of relatively
prime curves of degrees 6 and 10; Bézout then gives the asserted complete intersection.

More precisely, the short drivers invoke the exact certificate entry points, while

their implementations and input data are printed in Section A.3:
e Listing 4.1 invokes the incidence and six-line-cover certificate;

e Listing 4.2 invokes the exact generic (6, 10)-geproci certificate.

4.4.1 SINGULAR certificate drivers
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Printed dependencies: Listings A.7, A.9, and A.10.

Listing 4.1: Incidence and six-line-cover driver for the 60-point H, configuration
// H4 configuration certificate.
ring R = (0,u), (x0,x1,x2,x3),dp;
minpoly = u2-u-1;
execute (read("h4/data/h4_points.inc"));
execute("list L="+H4DATA+";");
execute (read("h4/data/h4_half_grids.inc"));

int configuration_ok=0;
LIB "h4/h4_configuration.lib";

verifyH4Configuration();

if (configuration_ok!=1) { exit; }
"PASS: exact H4 configuration";
exit;

Printed dependencies: Listings A.8—-A.10.

Listing 4.2: Certificate driver for the exact generic (6, 10) projection of Hy

// Generic H4 projection certificate.

execute(read("h4/data/h4_points.inc"));
ring Rs = (0,u), (x0,x1,x2,x3),dp;
minpoly = u2-u-1;

execute("list L="+H4DATA+";");

int generic_ok=0;

execute(read("h4/h4_generic_projection.inc"));
verifyGenericProjection();

if (generic_ok!=1) { exit; }

"PASS: exact generic (6,10)-geproci certificate";
exit;

4.5 Conclusion

The Hy configuration shows that the geproci property is richer than the known grid
and half-grid constructions. Although it is the disjoint union of two 30-point half-grids,
the full 60-point configuration is neither a grid nor a half-grid. Its general projection
to P? is a complete intersection of type (6, 10).

From the point of view of Chapter 2, the main ingredients are classical: linear
projection, complete intersections, and Bézout’s theorem. What is special here is
the way these ingredients interact with the symmetry of the H, root system. The
example is therefore both concrete and exceptional. It provides strong evidence that
any classification of geproci point sets must include genuinely sporadic configurations,

not only the infinite families coming from grids and half-grids.






5 The Weddle Surface and Analogous Loci

The definitions of Weddle loci used in this chapter refine the preliminary discussion
in Chapter 2. The classical quartic is fixed in Definition 5.1, while the higher-degree
analog is Definition 5.4.

Throughout this chapter, the general geometric statements taken from [6] are un-
derstood over C, as in that source. The exact specialization in Listing 5.1 is computed
over Q. Its matrix ranks, codimensions, Hilbert series, and degrees are unchanged after
the flat extension of scalars Q C C. No assertion in positive characteristic is made.

In the previous chapter we studied the H, configuration of 60 points in P3. A
crucial step in the proof of its geproci property was the existence of a cone of degree
6 with prescribed general vertex passing through all points of the configuration. After
projection from this vertex, the cone becomes a plane sextic containing the projected
point set. Together with a second curve of degree 10, this gives the complete intersection
of type (6, 10).

This observation places the H, example in a broader and much older circle of
questions. Instead of fixing the vertex and asking whether a cone through a given
point set exists, one may fix the point set and ask for all possible vertices of such

cones. More precisely, given points

b1, DPs GIP)?)a

we ask for the locus of points v € P3 such that there exists a cone of prescribed degree
with vertex v passing through py, ..., ps.

This point of view goes back to classical projective geometry. In the first non-trivial
case, one considers quadric cones through six general points in P2. The locus of their
vertices is a quartic surface, the classical Weddle surface introduced by Weddle [30] and
later studied by Baker [1], Hudson [23], and many others. Thus the Weddle surface
may be regarded as the classical prototype of a vertex locus for cones through a finite
point configuration.

The aim of this chapter is to explain this construction and then to pass from the
classical Weddle surface to higher-degree analogs. We begin with quadric cones through
six points, then discuss cubic cones through ten points, and finally indicate the general

pattern for cones of degree n. In this way the chapter connects the unexpected-cone

41
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phenomenon used in the Hy construction with the nineteenth-century problem of de-
termining vertices of cones through prescribed point sets.

The aim is not to reproduce the full classical theory, but rather to isolate the
features that are relevant for the present thesis: the degree of the vertex locus, its
singularities at the base points, the lines contained in it, and the curves obtained when

one imposes one additional base point.

5.1 The Classical Weddle Surface

The classical Weddle construction answers this question for the smallest case in which
the condition is non-trivial. A plane conic depends on six coeflicients up to scale, so
six projected points impose exactly the expected number of conditions. Therefore, for
a variable projection center v, the condition that the six projected points lie on a conic
cuts out a surface in the space of possible vertices.

Let
PZ{pl,...,p6}CP3

be a set of six points in general position. We ask for the locus of points v € P? such
that there exists a quadric cone with vertex v passing through the six points of P.
Equivalently, if we project the points pq,...,ps from v onto a plane, then v is a
vertex of such a cone precisely when the six projected points lie on a plane conic. Since
six general points in the plane do not lie on a conic, this condition imposes a non-trivial

equation on v. The resulting locus is the classical Weddle surface.

Definition 5.1 (Classical Weddle surface)
Let P = {p1,...,ps} C IP? be six general points. The Weddle surface associated with
P is the closure of the locus of all points v € P? for which there exists a quadric cone

with vertex v containing P.

The Weddle surface is a surface of degree 4. We denote it by W,. Its basic geometry

is very rigid and is governed by the six base points.

Theorem 5.2 (Classical properties of the Weddle surface, [1, 9])
Let W, C P? be the Weddle surface determined by siz general points p1,...,ps. Then:

1. Wy is a quartic surface.
2. Each base point p; is an ordinary double point of Wj.
3. The 15 lines p;p;, 1 <1i < j <6, are contained in Wy.

4. Through each node p; pass exactly five of these lines.
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SKETCH OF THE CLASSICAL ARGUMENT. The construction may be described by
projection from a variable point v. After projecting the six base points from v to a
plane, the condition that their images lie on a conic is expressed by a determinant. In
the Macaulay-duality description, multiplication between the relevant four-dimensional
graded pieces is represented by a 4 x4 matrix of linear forms. Its determinant has degree
4 and defines the quartic Weddle scheme.

The singularity at a base point is explained as follows. If v approaches one of the
base points, then all cones with vertex v and passing through the remaining points
acquire a distinguished limiting behavior. In local coordinates this gives multiplicity
2 at each base point. Moreover, if v lies on the line p;p;, then the line through v and
the two base points is contained in every cone with vertex v passing through p; and p;.
This shows that each join p;p; is contained in the vertex locus. The full statements are

classical and can be found, for instance, in Baker [1] and Dolgachev [9]. O

Figure 5.1 separates the surface parametrizing the admissible vertices from the

particular quadric cone selected by one such vertex.

vertex locus Wy C P3 selected quadric cone @),
v

o O
B Cof W O e) 0] O
P1,-..,ps: nodes of Wy
degWy =4, multy, Wy =2 P={p1,---,p6} C Qy
15 lines p;p; C Wi six generator lines vp; C @,

Figure 5.1: Two-panel schematic of the classical Weddle construction. The left panel
represents the vertex-locus surface Wy, containing the six fixed base points as nodes
and a chosen point v. The right panel represents the corresponding quadric cone @,
through the same points; its gray segments are the generator lines vp;. The surface
patch and all point positions are purely diagrammatic and assert no affine realization or
collinearity. In particular, @), and Wy are distinct objects, and the 15 lines p;p; C Wy
are not the displayed generators.

There is another classical feature which will be useful later. If one adds a seventh
general point, the condition becomes stronger: one now looks for vertices of quadric
cones through seven points. The locus is no longer a surface but a curve. In the classical
case this curve has degree 6 and genus 3, as described by Baker [1|. Equivalently, each
six-element subset of the seven points determines a Weddle quartic, and the curve of

vertices is obtained as part of the common locus of these quartics.
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5.2 Cubic Cones and the Surface Wy,

We now pass from quadric cones to cubic cones. This is the first case where the degree
of the Weddle-type surface is substantially larger, and it already displays the pattern
that appears in arbitrary degree.

Let

P={p1,...,pw0} cp?

be ten general points. A cubic cone in P? with vertex v is obtained by taking a plane
cubic after projection from v. Thus v is a vertex of a cubic cone through P precisely
when the ten projected points lie on a plane cubic.

The vector space of plane cubics has dimension

3+2
= 10.
(27)=

Thus ten projected points impose ten linear conditions on plane cubics. The condition
that a nonzero cubic passes through all of them is the vanishing of a determinant. The

corresponding locus of vertices is a surface, denoted here by Wi,.

Theorem 5.3 (Cubic Weddle surface, [14])
Let P = {p1,...,pio} C P3 be ten general points. The locus of vertices of cubic cones
through P is a surface Wyg C P? of degree 10. Moreover:

1. each base point p; is a triple point of Wio;
2. every line pip;, 1 < i < j <10, is contained in Wig;
3. hence Wiy contains the 45 joining lines determined by the ten base points.

IDEA OF PROOF. The multiplication-matrix construction below realizes Wiy as the
determinant of a 10 x 10 matrix of linear forms, hence as a degree-10 surface. The

triple points and joining lines are part of Emch’s classical analysis [14]. U

Figure 5.2 makes the same distinction between the cubic vertex locus and the cone

determined by a selected vertex.
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vertex locus Wy C P3 selected cubic cone C,
v

- . . "8 g g g "
P1,.-.,P10: triple points of Wiyg
deg Wip =10, multy, Wip =3 P ={p1,..-,p10} C Cy
45 lines pip; C Wi ten generator lines vp; C C,

Figure 5.2: Two-panel schematic of the cubic Weddle construction. The left panel
represents the vertex-locus surface Wi, containing the ten fixed base points as triple
points and a chosen point v. The right panel represents the corresponding cubic cone
C, through the same points; its gray segments are the generator lines vp;. The surface
patch and all point positions are purely diagrammatic and assert no affine realization or
collinearity. In particular, C, and W, are distinct objects, and the 45 lines p;p; C Wi
are not the displayed generators.

5.2.1 Determinantal description

The Weddle scheme admits a direct determinantal description. For the general geo-
metric statements let £ = C. For a rational point configuration the same multiplication

matrix is formed over k = QQ and then extended to C. Let
pi = la; by ¢t dy, L; = a;wo + biwy + ciwg + diws,

and put
Ar = k[fﬂo,l‘l, Ta, .l’g]/(L?, ce ,Li)

For a variable point ¢ = [qo : ¢1 : @2 : ¢3], write L, = qoxo+ @171+ 222+ q3x3. Macaulay
duality identifies the cubic Weddle scheme with the degeneracy locus of

[AT]Q 'L_q> [Ar]?)'

This is the Macaulay-duality description of the Weddle scheme [6]. For ten general
points both graded pieces have dimension 10. Consequently the determinant of the

resulting 10 x 10 matrix of linear forms defines W, and has degree 10, in agreement

with n+2\  nn+1)(n+2)
e (1) ey

for n = 3. The corresponding exact computation is invoked by Listing 5.1; its imple-
mentation and rational input are printed in Section A.4.

Figure 5.3 summarizes the multiplication-matrix construction.
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-L
[A1o]2 —q> [Aio]3
dim = 10 MII@) dim = 10

det ]\110((]) =0
W10 = V(det Ai[m((])), deg W10 =10

Figure 5.3: Multiplication-matrix construction of the cubic Weddle surface: the deter-
minant of the 10 x 10 matrix Mo(q) has degree 10.

5.3 The Curve of Vertices for Eleven Points

We next impose one additional base point. Let

P:{pl,...,pn}CIP’?’

be eleven general points. We ask for the locus of vertices of cubic cones through all
eleven points.

For ten points the vertex locus was the surface Wiy. Adding an eleventh point cuts
this locus down. More precisely, if we choose two different ten-element subsets of P,
each subset determines a cubic Weddle surface of degree 10. Their intersection contains
the locus of vertices of cubic cones through all eleven points.

Let ng) and ng) be two such Weddle surfaces obtained from two ten-element sub-
sets sharing nine base points. For general P, the situation covered by [6, Theorem 5.1]
ensures that the two surfaces have no common surface component. Bézout’s theorem

therefore gives their complete intersection total degree
10 - 10 = 100.

The modern determinantal description separates two curve schemes |6, Propositions 5.2
and 5.3|:

1. the 3-Weddle scheme I'y5 of all eleven points, an arithmetically Cohen—Macaulay
curve cut out by the maximal minors of a 9 x 10 matrix of linear forms and having

degree 45;

2. the 3-Weddle scheme Y55 of the nine common points, which has degree 55 and

contains the 36 = (9

2) reduced joining lines.
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The ACM property and the degree of I'y5 can also be read directly from Hilbert—

Burch. The maximal-minor ideal has height 2, so Theorem 2.15 gives
0— R(_10)9 — R(_9)10 — [F45 — 07 R = k[QO; q1, 92, q3]

Henee 1 — 1012 + 9110
— 108 +
R Tk

The numerator has a double zero at ¢t = 1, and one half of its second derivative at 1 is

45. This proves that the projective ACM curve has degree 45.

9
2

occurring in the general nine-point scheme, and write Ri9 for the degree-19 residual

For later reference, write L3 for the reduced union of the ( ) = 36 joining lines
scheme obtained in the rational specialization used below. Thus I'y5 and Y55 are the
two determinantal curve schemes, whereas L3g and Ri9 describe the internal degree
ledger of X55.

Four logically distinct inputs are being used here. Proposition 5.2 of [6] proves
the general ACM statement and degree 45 for I'y5. Proposition 5.3, together with the
cubic expected-codimension verification recorded in Remark 5.5, gives degree 55 for
Y55, which contains the reduced secant scheme L3g. The passage to general points uses
the semicontinuity argument recorded there; it is not inferred from the specialization
below. The matrices and ideals in that computation are defined over QQ; their ranks,
Krull dimensions, Hilbert series, and degrees are unchanged after extension of scalars
to C. Finally, Listing 5.1 invokes an exact calculation over Q for one explicitly listed
configuration: it verifies the two determinantal degrees, their containments in two
coprime degree-10 surfaces, and a specialized residual degree 19. It does not by itself
prove generic radicality or irreducibility of the residual scheme.

At the level of one-dimensional cycles, the complete degree accounting is
100 = 45 + 55 = 45+ 36 + 19.

Emch’s earlier value 52 for the eleven-point curve is incorrect |14, 6]. No equality
stronger than the stated cycle and ideal calculations, and no generic irreducibility

assertion about Rig, is needed. Figure 5.4 records the corrected Bézout ledger.

5.3.1 Exact rational SINGULAR specialization driver
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Printed dependencies: Listings A.1, A.11, and A.12.

Listing 5.1: Certificate driver for the exact rational cubic Weddle specialization

// Rational cubic Weddle specialization.
option(redSB);

LIB "library/certificate_utils.lib";
<"weddle/data/cubic_weddle_points.inc";
<"weddle/cubic_weddle_certificate.inc";

int cubicWeddleSuccess = 0;
cubicWeddleSuccess = verifyCubicWeddleSpecialization();
if (cubicWeddleSuccess != 1)
{
exit;

}

"PASS: exact rational cubic Weddle specialization';
exit;

Wiy W)
[} ]

a b

Wis' N Wy

e ~
L'ss Y55
deg = 45 deg = 55
— ~
L3 Ryg

secant cycle deg =19

100 =45+ 55 =45+ 36 + 19

Figure 5.4: Degree ledger for the one-dimensional cycles in the exact rational spe-
cialization: 100 = 45 + 55, while the degree-55 contribution has the internal ledger
55 = 36 + 19. The diagram records degree accounting, not an unconditional equality
of reduced schemes.

This picture should be compared with the classical case of quadric cones. For seven
points in P?, the analogous locus is a curve of degree 6 and genus 3. In the cubic case
the degree is much larger, but the principle is the same: adding one point beyond the
number needed to define the Weddle surface lowers the dimension of the vertex locus

from a surface to a curve.

5.4 Weddle Surfaces for Cones of Degree n

In accordance with the convention at the beginning of this chapter and with [6], all
statements in this section about general point sets are made over C.
The preceding two cases are part of a uniform construction. Let n > 2. A degree-

n cone in P? with vertex v corresponds, after projection from v, to a plane curve of
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degree n. The dimension of the vector space of plane curves of degree n, and hence

the natural number of base points for defining a Weddle-type surface, is

(2

For n = 2 this gives 6 points, and for n = 3 it gives 10 points.
Definition 5.4 (Generalized Weddle surface)
Let

P = {pl, e ,p(n-;2)} cp3

n+2
2

is the closure of the locus of all points v € P for which there exists a cone of degree n

be a general set of ( ) points. The Weddle surface of n-ic cones associated with P

with vertex v containing P.

|6, Theorem 3.2] gives the degree

n+ 2 n(n+1)(n+2)

m = = .
3 6

We denote the corresponding generalized Weddle surface by W,,,. Thus:

n=2=m=4, n=3=m=10, n=4=m=20.

Figure 5.5 packages this degree formula for the first cases.

m=("3)
n 2 3 4
P 6 10 15
m 4 10 20

Figure 5.5: Degree of the generalized Weddle surface as a function of the cone degree n.

Remark 5.5 (General Weddle pattern)
For the Weddle-type surfaces considered here, Theorem 3.2 of [6] gives

2
degW,, =m = (n—?l)— )

In the two surface cases used explicitly in this chapter, this gives the quartic Weddle

surface for n = 2 and the cubic-cone surface Wy, for n = 3. Their base-point mul-
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tiplicities and joining-line incidences are the documented statements of Theorems 5.2

and 5.3; we make no corresponding multiplicity claim here for arbitrary n.

When one increases the number of base points by one, the vertex locus drops from

a surface to an arithmetically Cohen-Macaulay curve. Its degree is

()

This formula is proved in [6, Proposition 5.2|. This gives degree 6 in the quadric case

and degree 45, rather than 52, in the cubic case. The formula follows from the maximal

n+2

3 ) — 1) X (”;’2) matrix of linear forms and the expected-codimension-two

minors of a ((

condition.

5.5 Conclusion

The Weddle construction provides a classical and very concrete way of producing special
surfaces and curves from linear systems of cones. In the classical case of quadric cones
through six points, one obtains a quartic surface with six nodes and fifteen lines. In
the cubic case, ten base points give a surface of degree 10, with triple points at the
base points and with all 45 joining lines contained in the surface.

The general construction for cones of degree n follows the same principle. The

natural number of base points is ("1?), and Theorem 3.2 of [6] gives the degree of the

2
n+2
(37)
Adding one further general base point lowers the expected dimension of the vertex locus
and, by Proposition 5.2 of [6], leads to an ACM curve of degree ((ng)) The cubic
value is 45. The exact rational specialization in Listing 5.1 verifies the corresponding

degree ledger 100 = 45 + 55 = 45 + 36 + 19 for its listed configuration.
For the purposes of this thesis, the main point is that Weddle loci offer a bridge

corresponding Weddle surface as

between classical projective geometry and explicit computation. The construction is
governed by projections and linear systems, while its geometry is encoded by concrete
determinantal equations. This makes Weddle surfaces a useful source of examples in
the study of special point configurations in projective space.

This also clarifies the sextic cone in the H, chapter. Symmetry forces a degree-6
cone through the configuration with a general prescribed vertex, so the vertex condition
holds generically rather than on a proper locus. Classical Weddle loci and unexpected

cones therefore express the same interpolation problem for finite point sets.



6 Sextactic and Type-9 Points on the Fermat
Cubic

A smooth plane cubic carries a natural elliptic-curve group law, and the torsion struc-
ture of that group law is reflected in the contact geometry of the curve. Flex points—the
9 points of order dividing 3—are characterized by their tangent lines meeting the curve
with multiplicity 3. The 27 sextactic points form the set F[6] \ F'[3], with the precise

decomposition
24 points of exact order 6 + 3 nonzero points of order 2.

At each of them an irreducible conic has contact order 6 [4, 27]. The 72 points of
exact order 9—the type-9 points in the terminology of Gattazzo [16]—carry a tangent-
residual map of period 3 [24, Section 3|. This chapter develops these phenomena for
the Fermat cubic F': 23 + 33 + 23 = 0, following the work of Szemberg—Szpond and
Merta—Zigba |27, 24].

6.1 Introduction

Recall from Chapter 2 that the relevant higher-contact notions are fixed in Defini-
tion 2.19. Proposition 2.21 gives the torsion counts on a smooth complex cubic, The-
orem 6.1 records the tangent-residual behavior of the Fermat-cubic sextactic points,
and Theorem 6.3 records the coordinate field obtained for the type-9 points in the cited

computation.

6.2 Sextactic Points on the Fermat Cubic

The terminology in this section follows Definition 2.19; the classical source for sextactic
contact is Cayley [4], while the explicit Fermat-cubic enumeration is due to Szemberg
and Szpond [27]. Consider the Fermat cubic

F:2® 4+ +23=0, 6.1
Y

o1
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viewed as an elliptic curve with the flex point 0 = [1 : —1 : 0] as identity. Figure 6.1

shows the flex count and the local tangent picture.

F[3]:3+3+3=9
B]:3+3+ I,(F, tangent at p) = 3

Figure 6.1: The 9 flexes of the Fermat cubic F': 2®+y3+ 2% = 0 via the Hessian triangle
V(zyz), with a local flex tangent inset.

Theorem 6.1 (|24, Theorem 3.1])
For any sextactic point s € F, the residual intersection of the tangent line to F' at s
is a flex point of F'. Moreover, through each flex point of F' pass exactly three tangent

lines to F' at sextactic points.

In group-law terms, the tangent-residual map sends s to v(s) = —2s. Since 6s = o
and s ¢ FI[3], we have v(s) € FI[3], so the residual point is a flex. This argument
includes both the 24 sextactic points of exact order 6 and the 3 nonzero points of
order 2.

The auxiliary calculation below verifies the degree-9 flex scheme. The count 9-3 =
27 then uses the [—2]-preimage description from Theorem 6.1; the script is a check of

this deduction rather than a coordinate enumeration.
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Printed dependencies: Listings A.1 and A.4.

Listing 6.1: Auxiliary exact check of the sextactic-point count

LIB "library/certificate_utils.lib";
LIB "sextatic_type9/fermat_checks.lib";

int sextacticCountCheckPassed = 0;
sextacticCountCheckPassed = verifySextacticCountCheck();
require(sextacticCountCheckPassed == 1,

"the sextactic count check did not complete");

"PASS: sextactic count sanity check";
exit;

Figure 6.2 illustrates this sextactic contact and tangent-residual behavior.

~ v(s) I(F, conic) = 6
‘ (tangent at s) - F' = 25 + v/(s)

conic

Figure 6.2: A sextactic point on the Fermat cubic with its hyperosculating conic (sixth-
order contact). The tangent at the sextactic point meets F' residually at a flex point.

6.2.1 Tangent lines and incidence

Each of the 27 sextactic points determines a tangent line to F'; denote these lines by L;,
1 <4 <27. By Theorem 6.1, these lines form nine triads: exactly three pass through
each flex point of F'.

6.2.2 Shadow points of the sextactic conic arrangement

Remark 6.2 (Terminology clarification)
The 54 shadow points are distinguished intersection points of the 108 conics through
pairs of sextactic points described in Theorem 6.5. They lie off the Fermat cubic and

therefore are not additional sextactic points [24, Theorem D(i)].
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In the arrangement of these 108 conics, each of the 54 shadow points has multi-

plicity 6 or 9; the other intersections described there are ordinary double points [24,
Theorem D(i)].

6.3 Points of Exact Order 9 on the Fermat Cubic

Here we use the torsion notation fixed in Proposition 2.21 and the type-9 terminology
of Definition 2.19; the terminology and the classical count are due to Gattazzo [16]. By
Abel’s theorem in the form used in |24, Theorem 2.1], the type-9 points are precisely
F[9] \ F[3]. Proposition 2.21 gives |F[9]| = 9% = 81 and |F[3]| = 9, hence there are
81 — 9 = 72 such points, all of exact order 9.

Theorem 6.3 (Coordinate field of the type-9 points [24, Theorem A])
The T2 points of exact order 9 on F: x® + y> + 23 = 0 have coordinates defined over
Q(V/3, &), where Cy is a primitive 9th root of unity.

The next driver verifies the degree-9 flex scheme and checks the numerical conse-
quence |F[9]] — |F[3]] = 81 — 9 = 72 of the complex torsion theorem. The coordinate
field in Theorem 6.3 is not inferred from this auxiliary calculation.

Printed dependencies: Listings A.1 and A.4.

Listing 6.2: Auxiliary exact check of the type-9 torsion count

LIB "library/certificate_utils.lib";
LIB "sextatic_type9/fermat_checks.lib";

int type9CountCheckPassed = 0;
type9CountCheckPassed = verifyType9CountCheck() ;
require (type9CountCheckPassed == 1,

"the type-9 count check did not complete");

"PASS: type-9 torsion count sanity check";
exit;

Fix a type-9 point ¢t € F'. Figure 6.3 shows its tangent-residual behavior.
Figure 6.4 records the count 81 — 9 = 72 and the period-3 orbit structure.
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tangent at ¢

t
&
*c e
V() v(t)
(tangent at t) - F' = 2t + v(t) v3(t) =t

Figure 6.3: Tangent-residual behavior at a type-9 point on the Fermat cubic: the
residual intersection is another point of type 9.

Figure 6.4: The 9-torsion structure on the Fermat cubic: the 72 points of exact order 9
are F[9]\ F[3].

6.3.1 The tangent-residual map and its period-3 orbit structure

For the Fermat cubic, the tangent-residual map v introduced in Chapter 2 sends a point
to the residual intersection of its tangent line with the curve. If p =[a : b : ] € F,
then

v(la:b:c]) = [a®® —*) :b(& —a’) : c(a® — b%)].

The 72 type-9 points form a complete intersection of type (3,24) in the sense of
Definition 2.3 [24, Section 2|, and the tangent at any type-9 point meets F' residually
at another type-9 point [24, Theorem 3.1’|. The degree-24 equation and the explicit
point coordinates belong to the cited coordinate computation. The auxiliary scripts
here check only the flex and torsion counts and the tangent-residual identities used in

the argument; they do not construct those coordinates or that equation.
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Theorem 6.4 (Period-3 mapping [24, Section 3])
The restriction of v to the set T of type-9 points satisfies v°> = id. Consequently, T
decomposes into 24 disjoint orbits of size 3, namely {t, v(t), v*(t)}.

PROOF SKETCH. In the group law, v(t) = —2t, so v%(t) = 4t and v3(t) = —8t. Since
9t = o for every type-9 point, we have —8t = —8t + 9t = t, proving v* = id. The orbits
have size exactly 3 because no type-9 point is fixed by v (that would require —2¢ = ¢,

i.e. 3t = o, contradicting exact order 9). 0

Listing 6.3 verifies separately that the displayed candidate for v(p) lies on F' and on
the tangent at p. The final count of 24 orbits uses the group-law identity v(t) = —2¢
proved above.

Printed dependencies: Listings A.1 and A.J.

Listing 6.3: Auxiliary exact check of the tangent-residual period

LIB "library/certificate_utils.lib";
LIB "sextatic_type9/fermat_checks.lib";

int tangentResidualCheckPassed = 0;
tangentResidualCheckPassed = verifyTangentResidualCheck();
require(tangentResidualCheckPassed == 1,

"the tangent-residual check did not complete");

"PASS: tangent-residual period-3 sanity check";
exit;

6.4 Conics through Sextactic and Type-9 Points

The higher-contact terminology used here is fixed in Definition 2.19. We also use the
terminology for complete intersections from Definition 2.3. A conic that meets the
cubic F' at two distinct points, each with multiplicity 3, accounts for all 2 -3 = 6
intersection points (by Bézout, deg F' - deg D = 3 - 2 = 6, where D denotes the conic).

The following two theorems enumerate such conics.

Theorem 6.5 (Conics through sextactic points [24, Theorem 4.5])
There are exactly 108 conics meeting F' at two distinct sextactic points, each with

multiplicity 3. Fach sextactic point lies on exactly 8 of these conics.

The double-counting check is 27 x 8/2 = 108.
Theorem 6.6 (Conics through type-9 points [24, Theorem 4.5’])

There are exactly 324 conics meeting F' at two distinct type-9 points, each with multi-

plicity 3. Fach type-9 point lies on exactly 9 of these conics.

The double-counting check is 72 x 9/2 = 324. Figure 6.5 displays the two double-

counting ledgers side by side.
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Figure 6.5: Incidence counts for conics through distinguished pairs on the Fermat cubic:
sextactic points give 108 conics, while type-9 points give 324 conics.

6.4.1 Intersection structure of conics through a fixed point

For a fixed sextactic point, the 8 conics through it meet pairwise in points away from F'.
There are 24 such intersection points: 22 at which exactly two conics meet, and 2 at
which three conics are concurrent. None of these 24 points lie on F' [24, Theorem 4.6].

For a fixed type-9 point, the 9 conics through it produce 30 intersection points off
the cubic: 27 pairwise intersections and 3 triple intersections. Again, none of these
points lie on F' |24, Theorem 4.6’].

6.5 Conclusion

The torsion tower on the Fermat cubic yields three tiers of distinguished points: the 9
flexes in F'[3], the 27 sextactic points in F'[6] \ F'[3] (24 of exact order 6 and 3 nonzero
points of order 2), and the 72 type-9 points of exact order 9. The tangent-residual
map v: p — —2p maps sextactic points to flexes and cycles type-9 points in period-3
orbits. The associated conic configurations (108 conics through sextactic pairs and
324 through type-9 pairs) exhibit remarkably uniform incidence patterns. Figure 6.6

summarizes these three tiers.
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F[3] F[6]\ F[3] F[9] \F[ ]
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Figure 6.6: Summary of the distinguished Fermat cubic tiers: flexes, sextactic points,
and type-9 points, together with the tangent-residual behavior at each level.



7 Concluding remarks

The aim of this thesis was to look at several special point configurations in projective
geometry from a common perspective. Although the examples considered here come
from rather different sources—line arrangements, root systems, classical surfaces, and
torsion points on a cubic curve—they share a similar feature: each of them lies at the
boundary between general theory and exceptional geometry.

In Chapter 3 we studied Yoshinaga’s arrangement of 18 lines in the projective plane,
using the symbolic-power notation of Definition 2.8. This arrangement, obtained as
a deformation of the sixth Fermat arrangement, gives a concrete configuration of 57

singular points for which the containment
7G3) C I?

fails. The proof combines the geometry of the arrangement with explicit computations
in SINGULAR. The product of the defining lines, and in the full singular-locus case its
product with a suitable cubic, provide explicit witnesses for the two non-containments.

Chapter 4 was devoted to the Hy configuration. This is a set of 60 points in P3
coming from the H, root system. Its general projection to the plane is a complete
intersection of type (6,10), so it is a geproci set. What makes this example espe-
cially interesting is that it is neither a grid nor a half-grid. Thus it shows that the
class of geproci configurations is genuinely larger than the known infinite line-based
constructions.

In Chapter 5 we returned to a classical construction: the Weddle surface. Starting
from the quartic surface parametrizing vertices of quadric cones through six points
in P?, we discussed analogous loci for cones of higher degree. The cubic case already
exhibits a rich structure: ten base points give a surface of degree 10, with triple points at
the base points and all pairwise joining lines contained in the surface. Adding one more
point leads naturally to curves of cone vertices and to delicate Bézout decompositions.
In the cubic case the eleven-point locus is an ACM curve of degree 45 [6]; the exact
rational specialization in Listing 5.1 verifies the one-dimensional degree ledger 100 =
45 4 55 = 45 + 36 + 19 for its listed configuration.

29
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Finally, in Chapter 6 we considered the Fermat cubic
Py +2°=0

and the special point configurations arising from its group law. The flexes are the
3-torsion points, the sextactic points form F[6] \ F[3], and the type-9 points are the
points of exact order 9. The tangent-residual map v(p) = —2p organizes these sets
in a simple way: it sends sextactic points to flexes and decomposes the type-9 points
into 24 orbits of length 3. The associated conic configurations give further incidence
structures attached to the torsion tower of the Fermat cubic.

The common theme of these chapters is that symmetry creates exceptional behav-
ior. In a general configuration one does not expect symbolic-power containments to
fail in such a controlled way, nor a random set of points in P? to project to a complete
intersection, nor torsion points on a cubic to support such rigid conic configurations. In
each case the special symmetry of the configuration forces additional algebraic struc-
ture. Computation is useful here not as a replacement for geometry, but as a way of
making this structure explicit and verifiable.

Several natural questions remain open. The first concerns geproci sets. Apart from
grids, half-grids, and the Hy example, are there other sporadic geproci configurations?
It would be interesting to search systematically for them, especially among point sets
with large symmetry groups.

A second question concerns containment problems. The known counterexamples to
@ cr

for point ideals in P? are highly special and are closely related to arrangements with
many multiple points. It remains unclear whether fundamentally different counterex-
amples exist, or whether symmetry and arrangement-theoretic constructions are essen-
tial in this setting.

The Weddle construction also suggests further problems. For cones of degree n,
the degree of the corresponding Weddle surface follows a clear formula, and the curve
obtained after imposing one additional base point has the determinantal degree ( (gz))
The decomposition of nearby Weddle schemes into common-line schemes and residual
schemes remains more subtle. A systematic treatment of these residual schemes would
be desirable.

Finally, the Fermat cubic points toward higher torsion levels. One may ask whether
points of exact order 12, or higher torsion points, support analogous configurations of
curves with prescribed contact. Such questions continue the central theme: highly sym-
metric configurations connect classical geometry with exact computation and provide

testing grounds for general conjectures.



A Computational Sources

The drivers printed in Chapters 3, 4, 5, and 6 invoke the certificate implementations,
exact input data, and reusable libraries reproduced below. Every project-specific path
appearing in a LIB, read, or < instruction in those drivers, including a nested input, is
printed in full in the listings that follow. They use standard bases, primary decompo-

sitions, intersections, and normal forms provided by SINGULAR [8, 17].

A.1 Reusable libraries

A.1.1 Shared certificate utilities

require: common fail-closed assertion.
projectiveDegree: projective degree of a homogeneous standard ideal, computed
from the second Hilbert-series vector returned by SINGULAR.

This library is used by the Weddle driver in Listing 5.1 and by the Fermat drivers
in Listings 6.1-6.3.

Listing A.1: Shared utilities for exact computational checks

1 // Shared certificate utilities.

2 version="version certificate_utils.lib 1.1.0 Jul_2026";

3 category="Commutative Algebra";

i info="

5 LIBRARY: certificate_utils.lib

6 PURPOSE: Shared assertions and numerical invariants for the certificates.

”oN.
g >

& proc require(int condition, string message)
9 {
10 if (condition == 0)
11 {
12 "FAIL: " + message;
13 exit;
14 T
15 %
16 proc projectiveDegree(ideal standardIdeal)
17 {
18 bigintvec hVector = hilb(standardIdeal,2);
19 bigint result = 0;
20 int entry;
21 for (entry = 1; entry <= size(hVector); entry++)
22 {
3 result = result + hVector[entry];
!

}

61
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25 return(result);

A.1.2 Symbolic powers library

The procedures in this library are intentionally scoped to radical ideals of finite reduced
sets of projective points whose component point ideals are generated by linear forms.
In this setting 1(Z)™ = ﬂpe ,I(p)™. The routine is not a general implementation of
symbolic powers for arbitrary radical ideals.

Public procedures in Listing A.2:

e symbolicPower(I,m);
e checkContainment (I,m,r);
e containmentThreshold(I,m);

e witnessElement(I,m,r).

Listing A.2: Symbolic powers library

// Symbolic powers for finite reduced projective point sets.

category="Commutative Algebra";
info="
6 LIBRARY: symbolic_powers.lib

1
2
3 version="version symbolic_powers.lib 1.1.0 Jul_2026";
1

s OVERVIEW:

9 For a finite reduced projective point set Z whose point ideals are

10 generated by linear forms, compute intersection_{p in Z} I(p)~m and test
11 containments in ordinary powers. Arbitrary radical ideals are outside
12 the scope of this library.

14 PROCEDURES:

15 symbolicPower (I,m); compute m-th symbolic power I~ (m)

16 checkContainment (I,m,r); check if I~(m) subset I°r

17 containmentThreshold(I,m); find largest r with I~(m) subset I"r

18 witnessElement(I,m,r); find element in I"(m) \ I"r if containment fails

21 LIB "primdec.lib";

proc symbolicPower(ideal I, int m)

24 "USAGE: symbolicPower(I,m); I ideal, m int

25 RETURN: ideal, intersection of I(p)~m over the component point ideals I(p)
26 NOTE: Scope: the reduced projective point ideals described above.

27 EXAMPLE: example symbolicPower; shows an example

29 {

30 if (m <= 0)

31 {

32 ERROR("Exponent must be positive");
33 }

35 list L = primdecGTZ(I);
36 int n = size(L);
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}

ideal result = 1;
ideal p;
ideal pm;

for (int i = 1; i <= n; i++)
{
p = L[il[2];
pm = p~m;
result = intersect(result, pm);

}

return(result);

example

{

}

"EXAMPLE:"; echo = 2;

ring R = 0, (x,y,2),dp;

ideal I = x, y;

ideal I3 = symbolicPower(I, 3);
13;

ideal I3_ord = I°3;

I3_ord;

reduce (I3, std(I3_ord));

proc checkContainment(ideal I, int m, int r)

"USAGE: checkContainment (I,m,r); I ideal, m,r int

RETURN: int, 1 if I~(m) subset I"r, O otherwise

NOTE: Requires m,r >= 1 and the point-ideal scope described above.
EXAMPLE: example checkContainment; shows an example

{

if (r <= 0)
{
ERROR("checkContainment: r must be positive");
}
ideal Im = symbolicPower (I, m);
ideal Ir = I°r;

ideal Ir_std = std(Ir);
poly remainder;

for (int i = 1; i <= size(Im); i++)
{

remainder = reduce(Im[i], Ir_std);

if (remainder != 0)

{

return(0) ;

}

}

return(l);

example

{

"EXAMPLE:"; echo = 2;
ring R = 0, (x,y,2z),dp;
ideal I = x*y, x*z, y*z;

checkContainment (I, 2, 1);

checkContainment (I, 2, 2);
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proc containmentThreshold(ideal I, int m)

"USAGE: containmentThreshold(I,m); I ideal, m int

RETURN: int, largest r such that I~ (m) subset Ir

NOTE: Requires m >= 1, a non-zero proper ideal, and the point-ideal

scope described above.

EXAMPLE: example containmentThreshold; shows an example

{

}

if (m < 1)
{

ERROR("containmentThreshold: m must be at least 1");
}

]

int isZero
for (int i

1;
1; i <= size(I); i++)

{
if (I[i] !'= 0) { isZero = 0; }
}
if (isZero)
{
ERROR("containmentThreshold: zero ideal is not allowed");
}

ideal Istd = std(I);
if (reduce(l, Istd) == 0)
{
ERROR("containmentThreshold: unit ideal is not allowed");
}

ideal Im = symbolicPower(I, m);
ideal Ir = Istd;

int r = 1;

int contained;

int j;

while (1)
{
contained = 1;
for (j = 1; j <= size(Im); j++)
{
if (reduce(Im[j]l, Ir) != 0) { contained = 0; }
}

if (contained == 0) { return(r - 1); }

r++;

Ir = std(Ir * I);
}

example

{

}

"EXAMPLE:"; echo = 2;
ring R = 0,(x,y,2),dp;
ideal I = x, y;

int r = containmentThreshold(I, 2);
r;

proc witnessElement(ideal I, int m, int r)

"USAGE: witnessElement(I,m,r); I ideal, m,r int

RETURN:  poly, element in I"(m) \ I"r if containment fails, O otherwise
NOTE: Requires m,r >= 1 and the point-ideal scope described above.

Returns the original generator, not its normal-form remainder.

EXAMPLE: example witnessElement; shows an example
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}

if (r <= 0)
{
ERROR("witnessElement: r must be positive");

}

ideal Im
ideal Ir

symbolicPower (I, m);
I°r;

ideal Ir_std = std(Ir);
poly remainder;

for (int i = 1; i <= size(Im); i++)
{

remainder = reduce(Im[i], Ir_std);

if (remainder != 0)

{

return(Im[i]);

}

}

return(0) ;

example

{

"EXAMPLE:"; echo = 2;

ring R = 0,(x,y,2) ,dp;

ideal P1 = x, y;

ideal P2 = x, z;

ideal P3 =y, z;

ideal I = intersect(P1, P2, P3);

poly witness = witnessElement(I, 2, 2);
witness;

ideal I2_sym = symbolicPower (I, 2);
reduce(witness, std(I2_sym));

ideal I2 = I72;
reduce (witness, std(I2));

65

The library below provides construction routines for the Fermat and Yoshinaga line

arrangements. The complete incidence and containment assertions are performed by

the driver in Listing 3.1.

Public procedures in Listing A.3:

e fermatArrangement();

yoshinagalines();
yoshinagaSingularPoints();
verifyNonContainment ();

countIntersectionPoints();
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e hesseElement ().

Listing A.3: Yoshinaga arrangement library

// Yoshinaga arrangement helpers.
version="version yoshinaga_arrangement.lib 1.0.1 Jul_2026";

LIB "primdec.lib";
LIB "library/symbolic_powers.lib";

proc fermatArrangement ()

"USAGE:  fermatArrangement();

RETURN: ideal, the Fermat arrangement Q_6(x,y,z)

NOTE: Returns the product (x~6-y~6) (y~6-276)(z"6-x76).

EXAMPLE: example fermatArrangement; shows an example
n

{
poly Q6 = (x"6 - y~6) *x (y~6 - z76) * (z°6 - x76);
ideal I = Q6;
return(I);

}

example

{

"EXAMPLE:"; echo = 2;

ring R = 0, (x,y,2) ,dp;

ideal Q6 = fermatArrangement();

Q6;

if (deg(Q6[1]) !'= 18) { ERROR("Expected Fermat arrangement degree 18"); }
}

proc yoshinagaLines()
"USAGE:  yoshinagaLines();
RETURN: ideal, Yoshinaga’s 18 lines as product polynomial
NOTE: Requires a primitive sixth root ’a’ and uses c=15.
EXAMPLE: example yoshinagal.ines; shows an example
{

int ¢ = 15;

poly P1 = (x°3 - y73) * (x + y - c*xz) *
(a*xx + a~bxy + c*z) * (a~b*x + a*xy + c*xz);

map tau = basering, y, z, X;
poly P2 = tau(P1);
poly P3 = tau(P2);

poly P = P1 * P2 * P3;

ideal I = P;
return(I);
¥
example
{
"EXAMPLE:"; echo = 2;
ring R = (0,a),(x,y,2),dp;
minpoly = a”2 - a + 1;

ideal lines = yoshinagalines();

lines;

if (deg(lines[1]) != 18) { ERROR("Expected Yoshinaga arrangement degree 18"); }
¥

proc yoshinagaSingularPoints()
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61 "USAGE: yoshinagaSingularPoints();

62 RETURN: ideal, the reduced singular-locus ideal

63 EXAMPLE: example yoshinagaSingularPoints; shows an example
64 "

65 {

66 ideal lines = yoshinagalines();
67 ideal J = jacob(lines);

68 ideal singLocus = lines, J;

69 ideal singRad = radical(singLocus);
70

71 return(singRad) ;

72 }

73 example

74 {

75 "EXAMPLE:"; echo = 2;

76 ring R = (0,a), (x,y,2),dp;
7 minpoly = a”2 - a + 1;

79 ideal sing = yoshinagaSingularPoints();
80 ideal singStd = std(sing);

82 if (dim(singStd) == 1)

83 {

84 print ("homogeneous point ideal has Krull dimension 1");

85 }

86 else

87 {

88 ERROR ("Expected homogeneous point ideal of Krull dimension 1");
89 }

90
91 bigintvec singH = hilb(singStd, 2); bigint singDegree = 0;

92 for (int i=1; i<=size(singH); i++) { singDegree = singDegree + singH[i]; }
93 if (singDegree == 57)

94 {

95 print ("reduced singular locus degree: 57");

96 }

97 else

98 {

99 ERROR ("Expected reduced singular locus of degree 57");
100 }

101 ¥

102

103 proc verifyNonContainment ()

104 "USAGE: verifyNonContainment();

105 RETURN: int, 1 if I~(3) not subset I"2 is verified; raises an error otherwise
106 NOTE: Computes symbolic and ordinary powers and checks the witness Lxh.
107 EXAMPLE: example verifyNonContainment; shows an example

108 "

109 {

110 ideal I = yoshinagaSingularPoints();

111

112 print ("Computing I~(3)...");

113 ideal I3_sym = symbolicPower (I, 3);

115 print("Computing I~2...");
116 ideal I2_ord = I72;

118 print ("Checking containment I~(3) subset I~2...");

119 int contains = checkContainment(I, 3, 2);
120

121 if (contains == 0)

122 {

123 print("I~(3) is not contained in I~2");
124

125 // The witness includes the line product L.
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poly witness = hesseElement();
if ((reduce(witness, std(I3_sym)) != 0) ||
(reduce(witness, std(I2_ord)) == 0))

{

ERROR("The explicit full witness Lxh failed its membership checks");
}
print("Full witness L*h (in I~(3) \\ I"2):");
print (witness);

return(l);
}
else
{
ERROR ("UNEXPECTED: I~(3) subset I"2 (containment holds)");
return(0);
}
}
example
{
"EXAMPLE:"; echo = 2;
ring R = (0,a), (x,y,2) ,dp;
minpoly = a”2 - a + 1;

int result = verifyNonContainment();

result;
}
proc countIntersectionPoints()
"USAGE: countIntersectionPoints();
RETURN: bigint, projective degree of the reduced singular-point ideal
NOTE: Computes the degree from the Hilbert-series vector.
n
{

ideal sing = yoshinagaSingularPoints();

bigintvec singH = hilb(std(sing), 2); bigint count = 0;

for (int i=1; i<=size(singH); i++) { count = count + singH[i]; }
return(count) ;

}

proc hesseElement ()

"USAGE: hesseElement () ;

RETURN:  poly, the full witness Lxh in I~(3) \\ I~2

NOTE: L is the product of the 18 Yoshinaga lines and
h =x"3 + y™3 + z73 - (3379/225)*xyz is the auxiliary cubic.
The factor h alone is not a witness.

ideal lines = yoshinagalines();
poly h = x73 + y~3 + z~3 - (3379/225) *x*y*z;
poly witness = lines[1] * h;
return(witness);

}

example

{
"EXAMPLE:"; echo = 2;
ring R = (0,a),(x,y,2z),dp;
minpoly = a2 - a + 1;
poly Lh = hesseElement();
deg(Lh);
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A.1.4 Fermat auxiliary checks

The procedures below verify the flex scheme, a representative flex tangent, the torsion-
theorem counts 27 and 72, and the two polynomial identities used for the tangent-

residual period. The count procedures use the group-law and torsion results stated in

Chapter 6; they do not enumerate the corresponding point coordinates.

Public procedures: verifyFermatFlexCheck(), verifySextacticCountCheck(),

verifyType9CountCheck(), and verifyTangentResidualCheck().

These procedures are invoked by the Fermat drivers in Listings 6.1-6.3; their shared

assertions are supplied by Listing A.1.

Listing A.4: Exact auxiliary checks for the Fermat cubic

// Fermat-cubic checks in characteristic zero.

version="version fermat_checks.lib 1.0.0 Jul_2026";

category="Algebraic Geometry";

info="

LIBRARY: fermat_checks.lib

PURPOSE: Exact checks supporting the torsion arguments for the Fermat cubic.

// Flexes and one tangent.
proc verifyFermatFlexCheck()

{

}

ring R = (0,w),(x,y,2),dp;
minpoly = w™2 + w + 1;

poly F = x3 + y3 + z3;
matrix H = jacob(ideal(jacob(ideal(F))));
ideal flexes = std(ideal(F,det(H)));

require(dim(flexes) == 1,

"the projective flex scheme must be zero-dimensional");
require(projectiveDegree(flexes) == 9,

"the projective flex scheme must have degree nine");

poly tangent = x + W™ 2%y;
poly tangentRestriction = NF(F,std(ideal(tangent)));
require(tangentRestriction == z3,

"the representative flex tangent must have triple contact");

"flex scheme degree: 9";
"representative flex tangent: triple contact";
return(l);

// Sextactic count from the [-2] theorem.
proc verifySextacticCountCheck()

{

ring R = (0,w), (x,y,2),dp;
minpoly = w2 + w + 1;

poly F = x3 + y3 + z3;

matrix H = jacob(ideal(jacob(ideal(F))));
ideal flexes = std(ideal(F,det(H)));

bigint flexCount = projectiveDegree(flexes);

require(dim(flexes) == 1,
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47 "the projective flex scheme must be zero-dimensional");
48 require(flexCount == 9,
49 "the projective flex scheme must have degree nine");

// Three nonflex preimages per flex.

5

51

52 int preimagesPerFlex = 4;

53 bigint sextacticCount = flexCount * (preimagesPerFlex - 1);
54 require(sextacticCount == 27,

55 "the multiplication-by-minus-two count must equal 27");
56

57 "flexes: 9";

58 "sextactic points (multiplication-by-minus-two theorem): 27";
59 return(l);

60 }

62 // Type-9 count from torsion.

63 proc verifyType9CountCheck()

64 {

65 ring R = (0,w),(x,y,2),dp;

66 minpoly = w™2 + w + 1;

67

68 poly F = x3 + y3 + z3;

69  matrix H = jacob(ideal(jacob(ideal(F))));

ideal flexScheme = std(ideal(F,det(H)));

bigint order3Count = projectiveDegree(flexScheme) ;

~

(S N SR R

require(dim(flexScheme) == 1,
"the projective flex scheme must be zero-dimensional");
require(order3Count == 9,

"the projective flex scheme must have degree nine");

// The flexes are E[3], and |E[9][=81.
bigint order9DividingCount = 972;

w
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80 bigint type9Count = order9DividingCount - order3Count;
81 require(type9Count == 72,

82 "the exact-order-nine count must equal 81 minus 9");
83

84 "3-torsion points: 9";

85 "type-9 points (torsion theorem): 72";

86 return(1l);

87 }

80 // Residual map and period.

90 proc verifyTangentResidualCheck()
91 {

92 ring R
93

94 poly F = a3 + b3 + c3;

0, (a,b,c),dp;

95 poly na = a*(b3-c3);
96 poly nb = b*(c3-a3);
97 poly nc = c*(a3-b3);

98
99 poly cubicldentity =

100 reduce(na~3 + nb~3 + nc~3,std(ideal(F)));

101 poly tangentIdentity = a2*na + b2*nb + c2%*nc;

102

103 require(cubicIdentity == 0,

104 "the residual candidate must lie on the Fermat cubic");

105 require(tangentIdentity == O,

106 "the residual candidate must lie on the tangent at [a:b:c]");

107
108 // The residual map is [-2].
109 int firstDifference = -2 - 1;
110 int secondDifference = 4 - 1;
111 int thirdDifference = -8 - 1;



A.2. Yoshinaga certificate implementation 71

112
113
114

126
127
128
129
130
131
132
133

int firstRemainder =
firstDifference - 9*(firstDifference div 9);

int secondRemainder =

secondDifference - 9*(secondDifference div 9);
int thirdRemainder =

thirdDifference - 9*(thirdDifference div 9);
require(firstRemainder != 0 && secondRemainder != 0,

"the first two iterates must not fix exact-order-nine points");
require(thirdRemainder == 0,

"the third iterate must fix 9-torsion");
int type9Count = 972 - 372;
int orbitCount = type9Count div 3;
require(type9Count == 72 && orbitCount == 24,

"the 72 type-9 points must form 24 three-cycles");
"residual formula: cubic and tangent identities verified";
"tangent-residual period on type-9 points: 3";
"three-cycles: 24";
return(1l);

}

A.2 Yoshinaga certificate implementation

Listing A.5 contains the implementation invoked by Listing 3.1. Listing A.6 supplies

the 48 triple points, 9 double points, and 18 projective lines. Its public entry point,

verifyYoshinagaCertificate(), returns 1 only after all incidence and containment

assertions have succeeded. Thus the complete printed dependencies of Listing 3.1 are
Listings A.5—A.6.

16

w N

=~

NN NN

Listing A.5: Certificate implementation for the Yoshinaga arrangement

// Yoshinaga certificate over Q(e).

version="version yoshinaga_certificate.lib 1.0.0 Jul_2026";
category="Commutative Algebra";

info="

LIBRARY: yoshinaga_certificate.lib

PURPOSE: Verify the exact Yoshinaga incidence and containment certificate.
PROCEDURES :

verifyYoshinagaCertificate()

static proc yoshinagaPointIdeal (number pp, number qq, number rr)
{

matrix m[2][3] = pp,qq,rr, x,y,Z;

ideal I = std(minor(m,2));

return(I);

}

static proc yoshinagaAllGeneratorsZero(ideal N)
{
for (int k=1; k<=size(N); k++)
{
if (N[k] != 0) { return(0); }
3

return(l);
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}

proc verifyYoshinagaCertificate()

"USAGE: verifyYoshinagaCertificate();

RETURN: int, 1 after every exact assertion succeeds

NOTE: Requires the data exported by yoshinaga_input.inc.

{
int i;
int j;
int k;
int a;
int b;

// Lines and their product.
if (size(P3) != 144)

{
ERROR("The triple-point list must contain 48 triples");
}
if (size(P2) !'= 27)
{
ERROR("The double-point list must contain 9 triples");
}
matrix arrangementLines[18][1];
poly L=1;
for (i=1; i<=18; i++)
{

arrangementLines[i,1]=
lineCoefficients[i,1]*x+
lineCoefficients[i,2]*y+
lineCoefficients[i,3]*z;

L=L*arrangementLines[i,1];

}

// Triple-point ideal.
ideal I = 1;

ideal Isym3 = 1;

ideal Jp;

"=== triple points only: I37(3) vs I372 ===";

for (i=1; i<=(size(P3) div 3); i++)

{
Jp=yoshinagaPointIdeal (P3[3*i-2],P3[3*i-1],P3[3*i]);
I=intersect(I,Jp);
Isym3=intersect (Isym3,Jp~3);

}

ideal I3=std(I);

ideal I3_ord2=std(I3"~2);
ideal I3_sym3=std(Isym3);
ideal N3=NF(I3_sym3,I3_ord2);

// Check the 57 points.
matrix singularPoints[57][3];
for (i=1; i<=48; i++)
{
for (j=1; j<=3; j++)
{
singularPoints[i,j]1=P3[3*i-3+j];
}
}
for (i=1; i<=9; i++)
{
for (j=1; j<=3; j+H)
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143

145
146
147
148
149
150
151
152
153
154

155

{

}
}

int

for

{

singularPoints[48+i, j1=P2[3*i-3+j];

sameProjectivelObject;
(i=1; i<=57; i++)

if (singularPoints[i,1]==0 &&

{
}

singularPoints[i,2]==0 &&
singularPoints[i,3]==0)

ERROR("A listed Yoshinaga point has zero homogeneous coordinates");

for (j=i+l; j<=b7; j++)

{

}
}

sameProjectiveObject=1;
for (a=1; a<=3; a++)
{
for (b=a+1l; b<=3; b++)
{
if (singularPoints[i,a]l*singularPoints[j,b]
-singularPoints[i,b]*singularPoints[j,a] != 0)
{
sameProjectiveObject=0;
}
}
}
if (sameProjectiveObject==1)
{
ERROR("Two listed Yoshinaga points are equal projectively");
}

// Check the 18 lines.

for

{

(i=1; i<=18; i++)

if (lineCoefficients[i,1]==0 &&

{
}

lineCoefficients[i,2]==0 &&
lineCoefficients[i,3]==0)

ERROR("A Yoshinaga line has zero homogeneous coefficients");

for (j=i+1l; j<=18; j++)

{

sameProjectiveObject=1;
for (a=1; a<=3; a++)
{
for (b=a+l; b<=3; b++)
{
if (lineCoefficients[i,al*lineCoefficients[j,b]
-lineCoefficients[i,b]*1lineCoefficients[j,a] != 0)
{
sameProjectiveObject=0;
}
}
}
if (sameProjectiveObject==1)
{
ERROR("Two Yoshinaga lines are equal projectively");
}
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}

// Point-line incidences.
intmat pointLineIncidence[57][18];
int incidenceMultiplicity;
int totallncidences=0;
poly incidenceValue;
for (i=1; i<=57; i++)
{
incidenceMultiplicity=0;
for (j=1; j<=18; j++)
{
incidenceValue =
lineCoefficients[j,1]*singularPoints[i,1]+
lineCoefficients[j,2]*singularPoints[i,2]+
lineCoefficients[j,3]*singularPoints[i,3];
if (incidenceValue==0)
{
pointLineIncidencel[i,jl=1;
incidenceMultiplicity=incidenceMultiplicity+1;
totalIncidences=totalIncidences+1;
}
}
if (i<=48 && incidenceMultiplicity!=3)
{
ERROR("A listed triple point does not lie on exactly three lines");
}
if (i>48 && incidenceMultiplicity!=2)
{
ERROR("A listed double point does not lie on exactly two lines");
}
}
if (totalIncidences != 48*3+9%2)
{
ERROR("The Yoshinaga point-line incidence total is not 162");
}

// All 153 line pairs.
intmat pairHits[57] [1];
int linePairCount=0;
int commonListedPoints;
int commonPointIndex;
for (i=1; i<=18; i++)
{
for (j=i+l; j<=18; j++)
{
linePairCount=linePairCount+1;
commonListedPoints=0;
commonPointIndex=0;
for (k=1; k<=57; k++)
{
if (pointLineIncidencelk,il==1 &&
pointLinelIncidence [k, j]==1)

{
commonListedPoints=commonListedPoints+1;
commonPointIndex=k;
}
}
if (commonListedPoints!=1)
{

ERROR("A line pair does not meet at exactly one listed point");
}

pairHits[commonPointIndex,1]=pairHits [commonPointIndex,1]+1;



A.2. Yoshinaga certificate implementation 75

226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241

243

if (linePairCount != 153)
{
ERROR("The arrangement must have exactly 153 unordered line pairs");

}

int totalPairHits=0;
for (i=1; i<=b5T; i++)
{
totalPairHits=totalPairHits+pairHits[i,1];
if (i<=48 && pairHits[i,1]!=3)
{
ERROR("A triple point must account for three pairs of lines");
}
if (i>48 && pairHits[i,1]!=1)
{
ERROR("A double point must account for one pair of lines");
}
}
if (totalPairHits != 48%3+9)
{
ERROR("The line-pair incidence balance is not 48+%3+9=153");
}

"projective singular points: 57";
"projective arrangement lines: 18";
"point-line multiplicities: 48%3 + 9%2";
"line-pair intersections covered: 153";

// Triple-point witness L.
poly h=x"3+y~3+z"3-(3379/225) *x*y*z;
poly W=L*h;

"number of triple points";
int triplePointCount=size(P3) div 3;
triplePointCount;
if (triplePointCount != 48)
{
ERROR("Expected 48 triple points in the explicit point list");
}
"NF(I3~(3), I3"2)";
if (yoshinagaAllGeneratorsZero(N3))

{
ERROR ("Unexpected containment I3~ (3) subset I3°2");
}
else
{
"I3~(3) subset I3~2 : NO (all generator normal forms checked)";
}

"witness check: L in I3~(3)";
if (NF(L,I3_sym3)==0)
{
"YES";
}
else
{
ERROR("L is not in I3~(3)");
}
"witness check: L in I3"2";
if (NF(L,I3_ord2)==0)
{
ERROR ("L unexpectedly belongs to I3"2");
}
else
{
"NO";
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}

// Full-locus witness Lx*h.

"=== all singular points: I"(3) vs I"2 ===";
I=1;

Isym3=1;

list Pall=P3+P2;

for (i=1; i<=(size(Pall) div 3); i++)

{
Jp=yoshinagaPointIdeal (Pall[3*i-2] ,Pall[3*i-1],Pall[3x*i]);
I=intersect(I,Jp);
Isym3=intersect (Isym3,Jp~3);

}

ideal Tall=std(I);

ideal Iall_ord2=std(Iall~2);

ideal TIall_sym3=std(Isym3);

ideal Nall=NF(Iall_sym3,Iall_ord2);

"number of all singular points";
int allPointCount=size(Pall) div 3;
allPointCount;
if (allPointCount != 57)
{
ERROR("Expected 57 singular points in the combined point list");
}
"homogeneous ideal invariants";
"Krull dimension: "+string(dim(Iall));
bigintvec allH=hilb(std(Iall),2);
bigint allDegree=0;
for (i=1; i<=size(allH); i++)
{
allDegree=allDegree+allH[i];
¥
"projective degree: "+string(allDegree);
if (dim(Iall) != 1)

{
ERROR (
"Expected the homogeneous 57-point ideal to have Krull dimension 1"
)3
X
if (allDegree != 57)
{
ERROR("Expected the reduced point ideal to have projective degree 57");
}

"NF(I~(3), I"2)";
if (yoshinagaAllGeneratorsZero(Nall))

{
ERROR("Unexpected containment I~(3) subset I"2");
}
else
{
"I~(3) subset I"2 : NO (all generator normal forms checked)";
}

"witness check: L*h in I~(3)";
if (NF(W,Iall_sym3)==0)
{

"YES";
}
else
{

ERROR("L*h is not in I~(3)");
}
"witness check: Lxh in I~2";
if (NF(W,Iall_ord2)==0)
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10

{
ERROR("L*h unexpectedly belongs to I~2");
}
else
{
IINO n ;
}
"=== generator-degree check for I ===";

ideal S=std(Iall);
ideal M=minbase(S);
intvec dS=intvec(size(S));
intvec dM=intvec(size(M));
for (i=1; i<=size(S); i++)
{

ds[il=deg(S[il);
}
for (i=1; i<=size(M); i++)
{

dM[i]l=deg(M[i]);
}
"size(std(I))";
size(S);
"degrees (std(I))";
ds;
"size(minbase (std(I)))";
size(M);
"degrees (minbase (std(I)))";
dM;

return(l);

Listing A.6: Exact projective input for the Yoshinaga certificate
// Yoshinaga input over Q(e).

// Nine double points.
list P2 =
15,15,2,
15, (15e-15), (-2e),
15, (-15e), (2e-2),
2/15,1,1,
(-2/15e), (e-1),1,
(2/15e-2/15),(-e),1,
15,2,15,
15, (2e-2), (-15e),
15, (-2e), (15e-15);

// 48 triple points.

list P3 =
0,0, (e+1),
(15e-15), (15e-15), (-e+1),
1/15,1/15,14/15,
(-1/15e),(-1/15e),(-1/15e+16/15) ,
(1/15e-1/15),(1/15e-1/15),(1/15e+1),
1,1,1,
(-e),(-e),1,
(e-1),(e-1),1,
(-15e),15, (-e+1),
(-1/15e),1/15,(-e-1/15),
(1/15e-1/15),(-1/15e),(-16/15e+1/15),
1/15,(1/15e-1/15),(-14/15e),
(-e),1,1,

7
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(e-1),(-e),1,

1,(e-1),1,

(15e-15),15, (e),
(1/15e-1/15),1/15,(e-16/15),
1/15,(-1/15e),(14/15e-14/15),
(-1/15e),(1/15e-1/15), (16/15e-1),
(e-1),1,1,

1,(-e),1,

(-e), (e-1),1,

-16/15,-224/15,-16/15,

(-14/15e+1) ,(-1/15e-15), (-1/15e-14/15),
(14/15e+1/15) ,(1/15e-226/15) ,(1/15e-1),
14,1,1,

(e+15),(-e),1,

(-e+16),(e-1),1,
(-14/15e+1) , (-15e+226/15) , (e-1/15),
(14/15e+1/15), (-226/15e+15) , (14/15e+1/15),
-16/15, (-224/15e+224/15) , (16/15e) ,
(16e-15),1,1,

(14e-14),(-e),1,

(15e-16), (e-1),1,
(14/15e+1/15) , (15e+1/15), (-e+14/15),
-16/15,(224/15e),(-16/15e+16/15) ,
(-14/15e+1) , (226/15e-1/15) , (-14/15e+1) ,
(-16e+1),1,1,

(-15e-1),(-e),1,

(-14e), (e-1),1,
(-2/225e+1/225),(-1/15e-1/15) ,(-1/15e+2/15) ,
(2/225e-1/225), (1/15e-2/15),(1/15e+1/15) ,
(e+1),0,0,
(-2/225e+1/225),(2/15e-1/15),(2/15e-1/15),
(-30e+15) , (-e+2), (15e+15) ,
(30e-15), (e+1), (-15e+30) ,
(-30e+15), (2e-1), (-30e+15),

0,(-e-1),0;

s // 18 line coefficient triples.
7 matrix lineCoefficients[18][3] =

1,-1,0,

1,e,0,

1,(-e+1),0,

1,-15,1,
1,(-1/15),(-1/15),
1,1,-15,
1,(e/15),((-e+1)/15),
1,((-e+1)/15),(e/15),
1,(-15e+15), (-e),
1,(15e),(e-1),
1,(e-1),(15e),
1,(-e), (-15e+15),
1,0,-1,

1,0, (-e+1),

1,0,e,

plkp=ilg

1,(-e+1),

1

0
0
0,1,e;

>
>
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Both Chapter 4 drivers use the same listed coordinates of the 60 points. The incidence

data distinguish the pairs defining the two five-line families from the two six-line covers.
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The configuration driver in Listing 4.1 uses Listings A.7, A.9, and A.10. The generic
projection driver in Listing 4.2 uses Listings A.8-A.10.
verifyH4Configuration: incidence certificate;

verifyGenericProjection: ring-changing projection certificate.

Listing A.7: Implementation of the Hy configuration certificate

1 // H4 configuration over Q(u), where u~2-u-1=0.

2

3 version = "version h4_configuration.lib 1.0.0 Jul_2026";
4

5 proc det3(poly all, poly al2, poly al3,

6 poly a21, poly a22, poly a23,
7 poly a31l, poly a32, poly a33)

g {

9 return(

10 allx(a22*a33-a23*a32)

11 -a12*(a21*a33-a23*a31)

12 +a13*(a21*a32-a22%a31)) ;

13}

14

15 proc areCollinear (matrix p, int i, int j, int k)
16 {

17 if (det3(pli,1],pli,2],pli,3],

18 plj,11,plj,2],p[j,3],

19 plk,11,p[k,2],p[k,3]1) !'= 0) { return(0); }

20 if (det3(pli,1],pli,2],pli,4],

21 plj,11,plj,2]1,p[j,4],

22 plk,11,plk,2],p[k,4]) != 0) { return(0); }
23 if (det3(pli,1],pli,3],pli,4],

24 plj,11,p[j,3],p[j,4],

25 plk,1],p[k,3],plk,4]1) '= 0) { return(0); }
26 if (det3(pli,2],pli,3],pli,4],

27 plj,21,p[j,3],p[j,4],

28 plk,2],plk,3],plk,4]) != 0) { return(0); }
29 return(1);

30 }

3

32 proc verifyH4Configuration()

33 {

34 if (size(L) !'= 240)

35 { ERROR("H4 coordinate list must have 240 entries"); }

37 matrix pts[60][4];

38 int i; int j; int k; int a; int b;

39 for (i=1; i<=60; i++)

40 {

11 for (j=1; j<=4; j++) { ptsl[i,jl=L[4*(i-1)+j]; }
42 }

43

44 // Distinct points.

15 int same;

16 for (i=1; i<=60; i++)

47 {

18 for (j=i+l; j<=60; j++)

49 {

50 same=1;

51 for (a=1; a<=4; a++)

52 {

53 for (b=a+1l; b<=4; b++)

54 {

55 if (ptsli,al*pts[j,b]-pts[i,bl*pts[j,al !'= 0)

56 { same=0; }
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if (same==1) { ERROR("Repeated projective H4 point"); }

}
}

// The (60_15) incidences.
intmat incidence[60] [60] ;
int rowSum; int colSum;

poly dot;
for (i=1; i<=60; i++)
{
for (j=1; j<=60; j++)
{
dot=0;

for (k=1; k<=4; k++) { dot=dot+pts[i,k]*pts[j,k]l; }

if (dot==0) { incidencel[i,jl=1; }
}

}
for (i=1; i<=60; i++)
{
rowSum=0; colSum=0;
for (j=1; j<=60; j++)
{
rowSum=rowSum+incidence[i, j];
colSum=colSum+incidencel[j,i];
}
if (rowSum!=15 || colSum!=15)
{ ERROR("The point-plane incidence is not (60_15)"); }
}

// Five-point lines.
int reach; int maxReach=0; int fivePairs=0;
intmat fivePartners[60][1];
for (i=1; i<=60; i++)
{
for (j=i+l; j<=60; j++)
{
reach=0;
for (k=1; k<=60; k++)
{

if (areCollinear(pts,i,j,k)==1) { reach=reach+1; }

}

if (reach>maxReach) { maxReach=reach; }

if (reach==5)

{
fivePairs=fivePairs+1;
fivePartners[i,1]=fivePartners[i,1]+1;
fivePartners[j,1]=fivePartners[j,1]+1;

}

}
}

if (maxReach!=5) { ERROR("Maximum H4 line reach must be 5"); }
if (fivePairs!=720) { ERROR("Expected 720 pairs on 5-reach lines"); }

for (i=1; i<=60; i++)

{
// Six 5-point lines give 6+%4 distinct partners at each point.
if (fivePartners[i,1]!'=24)
{ ERROR("Each point must lie on six 5-reach lines"); }

X

// Two 30-point covers.
intmat covered[60][1];
matrix span[4][4];

for (a=1; a<=6; a++)
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122 {

123 for (k=3; k<=5; k++)

124 {

125 if (areCollinear(pts,coverl[a,1],coverl[a,2],coverl[a,k])==0)
126 { ERROR("A listed Z1 cover is not collinear"); }
127 if (areCollinear(pts,cover2[a,1],cover2[a,2],cover2[a,k])==0)
128 { ERROR("A listed Z2 cover is not collinear"); }
129 }

130 for (k=1; k<=5; k++)

131 {

132 covered[coverl[a,k],1]=covered[coveri[a,k],1]+1;
133 covered[cover2[a,k],1]=covered[cover2[a,k],1]+1;
134 }

135 }

136 for (i=1; i<=60; i++)

137 {

138 if (covered[i,1]!'=1)

139 { ERROR("The two six-line covers must partition 60 points"); }
140 }

141

142 for (a=1; a<=6; a++)

143 {

144 for (b=a+1l; b<=6; b++)

145 {

146 for (j=1; j<=4; j++)

147 {

148 span[1,jl=pts[coveri[a,1],j];

149 span[2, jl=pts[coveri[a,2],j];

150 span[3, jl=pts[coveri[b,1],]];

151 span([4, jl=pts[coverl[b,2],j];

152 ¥

153 if (det(span)==0)

154 { ERROR("The six Z1 cover lines must be mutually skew"); }
155 for (j=1; j<=4; j++)

156 {

157 span[1, jl=pts[cover2[a,1],j];

158 span[2, jl1=pts[cover2[a,2],jl;

159 span[3, jl1=pts[cover2[b,1],j];

160 span[4, jl=pts[cover2[b,2],j];

161 ¥

162 if (det(span)==0)

163 { ERROR("The six Z2 cover lines must be mutually skew"); }
164 }

165 }

166

167 configuration_ok=1;

168 "H4 projective points: 60";

169 "point-plane incidence: (60_15)";

170 "5-reach lines: "+string(fivePairs div 10);

171 "5-reach lines through each point: 6";

172 "maximum reach: "+string(maxReach) ;

173 "six-line-cover partition: 30+30";

174 }
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Listing A.8: Ring-changing implementation of the generic Hy projection certificate
// Generic H4 certificate over Q(q0,...,q3) (u).

ideal monomial6;

matrix pointEvaluation6[60] [84];
6 int i; int j; int a; int b; int c¢; int d; int col;
7 for (a=0; a<=6; a++)

1
)
3 // Degree-six forms through H4.
A

s {

9 for (b=0; b<=6-a; b++)

10 {

11 for (c=0; c<=6-a-b; c++)

12 {

13 d=6-a-b-c;

14 col=col+l;

15 monomial6[col]=x0"a*x1 b*x2~c*x3"d;
16 for (i=1; i<=60; i++)

17 {

18 pointEvaluation6[i,col]=

19 L[4*(i-1)+1]"a*L[4*(i-1)+2]"Db
20 *L[4%(i-1)+3]~c*L[4*(i-1)+4]"d;
21 ¥

22 ¥

23 }

24 }

26 if (rank(pointEvaluation6) !=60)
27 { ERROR("The degree-six H4 evaluation matrix must have rank 60"); }

20 module pointKernel6=syz(pointEvaluation6) ;
30 ideal basis6;

31 poly basisForm;

32 for (j=1; j<=ncols(pointKernel6); j++)

33 {

34 basisForm=0;

35 for (col=1; col<=84; col++)

36 {

37 basisForm=basisForm+pointKernel6[col, j]*monomial6[col];
38 }

39 basis6[j]=basisForm;

40 }

12 if (size(L) '=240)

43 { ERROR("H4 coordinate list must have 240 entries"); }
14 if (size(basis6) !=24)

15 { ERROR("Expected dim I(H4)_6=24"); }

47 // Introduce the generic center q.

48 ring A = (0,90,91,92,93), (u,x0,x1,x2,x3), (dp(1) ,dp(4));
19 qring R = std(u2-u-1);

50 execute("list L="+H4DATA+";");

51 ideal basis6=imap(Rs,basis6);

52 execute(read("h4/data/h4_half_grids.inc"));

proc nf(poly f)

{

56 return(reduce (f,std(0)));
57 }

59 proc planelLine(matrix p, int pl, int p2)

60 {

61 poly aa=nf(p[pl,2]*p[p2,3]-plpl,3]*p[p2,2]);
62 poly bb=nf(plp1,3]*p[p2,1]1-plpl,11*p[p2,3]);
63 poly cc=nf(plp1l,1]*p[p2,2]-plpl,2]1*p[p2,1]);
64 return(nf (aa*x0+bb*x1+cc*x2)) ;
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}
proc planeEval(poly f, matrix p, int pl)
{
return(nf (subst (subst (subst (
£,x0,plp1,11) ,x1,plp1,21),x2,p[p1,31)));
}
proc spatialEval(poly f, matrix p, int pl)
{
return(nf (subst (subst (subst (subst (
£,x0,plp1,11) ,x1,plp1,21),x2,plp1,3]),x3,plp1,41)));
}
proc geometricDegree(poly f)
{
f=nf (f);

}

poly fO=subst(f,u,0);

poly fl=subst(f,u,1)-£f0;
int dO0=-1; int di=-1;

if (£0!=0) { dO=deg(f0); %}
if (£1!=0) { dl=deg(f1); }
if (d0>d1) { return(do); }
return(dl);

proc verifyGenericProjection()

{

if (size(L)!=240 || size(basis6) !=24)

{ ERROR("The full H4 input data or sextic basis is missing"); }

// Multiplicity six at q.
matrix derivatives[56] [24];
int row; int aa; int bb; int cc; int dd; int k;
poly derivative;
for (aa=0; aa<=5; aa++)
{
for (bb=0; bb<=5-aa; bb++)
{
for (cc=0; cc<=5-aa-bb; cc++)
{
dd=5-aa-bb-cc;
row=row+1;
for (j=1; j<=24; j++)
{
derivative=basis6[j];
for (k=1; k<=aa; k++)
{ derivative=diff (derivative,x0); }
for (k=1; k<=bb; k++)
{ derivative=diff (derivative,x1); }
for (k=1; k<=cc; k++)
{ derivative=diff (derivative,x2); }
for (k=1; k<=dd; k++)
{ derivative=diff (derivative,x3); }
derivative=subst (subst (subst (subst (
derivative,x0,q0),x1,q91),x2,92),x3,93);
derivatives[row, jl=nf (derivative) ;
}
}
}
}
if (row!=56)
{ ERROR("Expected 56 generic fifth-derivative conditions"); }

// A cofactor kernel vector.
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ideal coneCoefficients;
matrix maximalMinor[23][23];
int sourceColumn;

for (col=1; col<=24; col++)

{

}

sourceColumn=0;
for (j=1; j<=24; j++)
{
if (j!=col)
{
sourceColumn=sourceColumn+1;
for (i=1; i<=23; i++)
{
maximalMinor [i,sourceColumn]=derivatives[i,j];
}
}
}
coneCoefficients[col]=nf (det (maximalMinor)) ;
if ((col mod 2)==0)
{ coneCoefficients[col]=-coneCoefficients[col]l; }

if (coneCoefficients[24]==0)

{

ERROR("The selected generic 23x23 minor vanished"); }

// A nonzero minor and kernel vector give rank 23.
poly condition;
for (i=1; i<=56; i++)

{

}

condition=0;
for (j=1; j<=24; j++)
{
condition=nf (condition+derivatives[i,j]*coneCoefficients[j]);
}
if (condition!=0)
{ ERROR("The generic cone failed a fifth-derivative condition"); }

poly cone6=0;
for (j=1; j<=24; j++)

{

}

cone6=nf (cone6+coneCoefficients[j]l*basis6[j]);

if (cone6==0 || geometricDegree(cone6) !=6)

{

ERROR("The generic degree-six cone was not constructed"); }

// Projection and plane sextic.
matrix pts[60] [4];

matrix image[60] [3];

for (i=1; i<=60; i++)

{

}

for (j=1; j<=4; j++) { ptsli,jI=L[4*(i-1)+j1; }

image[i,1]=nf (q3*pts[i,1]-qO*pts[i,4]);
image [i,2]=nf (q3*pts[i,2]-ql*pts[i,4]);
image[i,3]=nf (q3*pts[i,3]-q2*pts[i,4]);

if (spatialEval(cone6,pts,i)!=0)
{ ERROR("The generic cone must contain every H4 point"); }

int same;
for (i=1; i<=60; i++)

{

if (image[i,1]==0 && imagel[i,2]==0 && image[i,3]==0)
{ ERROR("A projected H4 point is identically zero"); }



A.3. H, certificates

195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211

212

for (j=i+l; j<=60; j++)

{
same=1;
for (aa=1; aa<=3; aa++)
{
for (bb=aa+1l; bb<=3; bb++)
{
if (nf (imagel[i,aal*image[j,Dbb]
-image[i,bb] *image[j,aal) !=0)
{ same=0; }
}
}

if (same==1)
{ ERROR("The generic projection is not injective"); }
}
}

poly sextic=nf (subst(cone6,x3,0));
if (sextic==0 || geometricDegree(sextic)!=6)
{ ERROR("Restricting the cone did not produce a plane sextic"); }
for (i=1; i<=60; i++)
{
if (planeEval(sextic,image,i)!=0)
{ ERROR("The sextic must vanish on all projected points"); }
}

// Two quintics from the half-grids.
poly gl=1; poly hl=1; poly g2=1; poly h2=1;
for (i=1; i<=5; i++)
{
gl=nf (gl*planeline(image,grid1A[i,1],grid1A[i,2]));
hi=nf (hl*planeLine (image,gridiB[i,1],grid1B[i,2]));
g2=nf (g2*planeline (image,grid2A[i,1],grid2A[i,2]));
h2=nf (h2*planeLine (image,grid2B[i,1],grid2B[i,2]));
}
poly quinticl=nf(
planeEval (hl,image,4)*gl-planeEval(gl,image,4)*hl);
poly quintic2=nf(
planeEval (h2,image,3) *g2-planeEval (g2,image, 3) *h2) ;
if (quintic1==0 || geometricDegree(quinticl)!=5
|| quintic2==0 || geometricDegree(quintic2)!=5)
{ ERROR("The two half-grid quintics were not constructed"); }

for (i=1; i<=6; i++)

{
for (j=1; j<=5; j++)
{
if (planeEval(quinticl,image,cover1[i,j])!=0)
{ ERROR("The first quintic failed its 30-point half-grid"); }
if (planeEval(quintic2,image,cover2[i,j])!=0)
{ ERROR("The second quintic failed its 30-point half-grid"); }
}
}

poly decic=nf(quinticl*quintic2);
if (geometricDegree(decic)!=10)
{ ERROR("The reducible curve must have degree ten"); }
for (i=1; i<=60; i++)
{
if (planeEval(decic,image,i)!=0)
{ ERROR("The decic must vanish on all projected points"); }
}

// Coprimality via field norms.
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sextic=nf (sextic);

decic=nf (decic);

poly sexticA=subst(sextic,u,0);

poly sexticB=subst(sextic,u,1)-sexticA;

poly decicA=subst(decic,u,0);

poly decicB=subst(decic,u,1)-decicA;

poly norm6=sexticA~2+sexticA*sexticB-sexticB~2;
poly normlO=decicA~2+decicA*decicB-decicB~2;

if (norm6==0 || norm10==0

|| geometricDegree(norm6)!=12 || geometricDegree(norm10) !=20)

{ ERROR("The norm construction failed"); }
poly normGcd=nf (gcd(norm6,normi0));

if (geometricDegree(normGed) !=0)

{ ERROR("The sextic and decic norms must be coprime"); }

"projected H4 points: 60";

"general projection: injective";
"dim I_6: 1";

"degrees: (6,10)";

"gcd/norm certificate: coprime";
"complete intersection degree: 60";
generic_ok=1;

Listing A.9: Coordinates of the 60 points of Hy in the fixed ordering

// The 60 H4 points over Q(u), where u~2-u-1=0.

string H4DATA =

"1,0,0,0, 0,1,0,0, 0,0,1,0, 0,0,0,1,"
+"1,1,1,1, 1,1,1,-1, 1,1,-1,1, 1,1,-1,-1,"
+"1,-1,1,1, 1,-1,1,-14, 1,-1,-1,1, 1,-1,-1,-1,"
+"0,u,u2,1, O,u,u2,-1, O,u,-u2,1, O,u,-u2,-1,"
+"0,u2,1,u, O,u2,1,-u, O,u2,-1,u, O,u2,-1,-u,"
+"0,1,u,u2, 0,1,u,-u2, 0,1,-u,u2, 0,1,-u,-u2,"
+"u,0,1,u2, u,0,1,-u2, u,0,-1,u2, u,0,-1,-u2,"
+"u2,0,u,1, uv2,0,u,-1, u2,0,-u,1, u2,0,-u,-1,"
+"1,0,u2,u, 1,0,u2,-u, 1,0,-u2,u, 1,0,-u2,-u,"
+"u,u2,0,1, u,u2,0,-1, u,-u2,0,1, u,-u2,0,-1,"
+"v2,1,0,u, u2,1,0,-u, u2,-1,0,u, u2,-1,0,-u,"
+"1,u,0,u2, 1,u,0,-u2, 1,-u,0,u2, 1,-u,0,-u2,"
+"u,1,u2,0, u,1,-u2,0, u,-1,u2,0, u,-1,-u2,0,"
+"v2,u,1,0, uw2,u,-1,0, uw2,-u,1,0, u2,-u,-1,0,"
+"1,u2,u,0, 1,u2,-u,0, 1,-u2,u,0, 1,-u2,-u,0";
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Listing A.10: Five-line families and six-line covers used for Hy
// Six-line covers and two rulings of each embedded 5-by-5 grid.

intmat cover1[6] [5]
1,29,32,33,36,
4,39,40,47,48,

6 5,13,31,41,52,

7 6,15,34,38,58,

8 7,14,35,37,57,

9 8,16,30,42,51;

10

11 intmat cover2[6][5] =

12 2,17,20,21,24,

13 3,49,50,53,54,

14 9,19,25,45,59,

15 10,23,27,43,55,

16 11,22,26,44,56,

17 12,18,28,46,60;

(S L N R N

19 intmat grid1A[5][2]

20 1,29, 5,13, 6,15, 7,14, 8,16;
21 intmat gridiB[5][2] =
1,30, 5,16, 6,14, 7,15, 8,13;

w N

intmat grid2A[5][2]
2,17, 9,19, 10,23, 11,22, 12,18;
intmat grid2B[5][2] =
2,18, 9,24, 10,20, 11,17, 12,21;

NN NN
SN N

N

A.4 Cubic Weddle specialization

The implementation below is the exact rational specialization invoked by Listing 5.1.
Listing A.12 supplies the rational coordinates used in each required base ring. The
public entry point verifyCubicWeddleSpecialization() returns 1 only after every
assertion has succeeded. Its complete printed dependencies are Listings A.1, A.11,
and A.12.

Listing A.11: Implementation of the cubic Weddle specialization

// Rational Weddle specialization; the general theory is over C.

1
2
3 proc monomialCoefficient(poly f, poly mon)
4 {

while (f != 0)
6 {
7 if (leadmonom(f) == mon)
8 {
9 return(leadcoef (£f));
10 i
11 f =f - lead(£);
12 T
13 return(0) ;
14 }

16 // Multiplication matrices modulo G.

17 proc reductionMatrices(ideal G)

18 {

19 ideal standardG = std(G);

20 ideal degree3Basis = kbase(standardG,3);
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}

proc secantLineIdeal(matrix pointMatrix, int firstPoint, int secondPoint)

{

}
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ideal degree2Basis = maxideal(2);

int targetDimension = size(degree3Basis);
matrix CO[targetDimension] [10];

matrix Cl[targetDimension] [10];

matrix C2[targetDimension] [10];

matrix C3[targetDimension] [10];

int row; int column;

poly normalForm;

for (column = 1; column <= 10; column++)
{
normalForm = NF(xO*degree2Basis[column],standardG) ;
for (row = 1; row <= targetDimension; row++)
{
CO[row,column] =
monomialCoefficient (normalForm,degree3Basis[row]) ;

normalForm = NF(xl*degree2Basis[column],standardG) ;
for (row = 1; row <= targetDimension; row++)
{
C1l[row,column] =
monomialCoefficient (normalForm,degree3Basis[row]) ;

normalForm = NF(x2*degree2Basis[column],standardG);
for (row = 1; row <= targetDimension; row++)
{
C2[row,column] =
monomialCoefficient (normalForm,degree3Basis[row]) ;

normalForm = NF(x3*degree2Basis[column],standardG);
for (row = 1; row <= targetDimension; row++)
{
C3[row,column] =
monomialCoefficient (normalForm,degree3Basis[row]) ;
}
}
return(list(C0,C1,C2,C3,targetDimension)) ;

matrix lineMatrix[3][4];
lineMatrix[1,1] = qO0;
lineMatrix[1,2] = qi;
lineMatrix[1,3] q2;
lineMatrix[1,4] q3;
int coordinate;
for (coordinate

{

]

1; coordinate <= 4; coordinate++)

lineMatrix[2,coordinate] = pointMatrix[firstPoint,coordinate];
pointMatrix[secondPoint,coordinate] ;

lineMatrix[3,coordinate]
}

return(minor (lineMatrix,3));

proc verifyCubicWeddleSpecialization()

{

// Linear general position and quotients.

ring X = 0, (x0,x1,x2,x3),dp;
matrix points = cubicWeddlePointMatrix();
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s6 int lgpTests = O;

87 int a; int b; int c; int d; int col;
ss matrix fourPoints[4] [4];

s9 for (a = 1; a <= 8; a++)

90 {

91 for (b =a + 1; b <= 9; b++)

92 {

93 for (c = b + 1; c <= 10; c++)

94 {

95 for (d =c + 1; d <= 11; d++)

96 {

97 for (col = 1; col <= 4; col++)

98 {

99 fourPoints[1,col] = points[a,col];
100 fourPoints[2,col] = points[b,col];
101 fourPoints[3,col] = points[c,col];
102 fourPoints[4,col] = points[d,col];
103 }

104 require(det (fourPoints) != 0,

105 "four-point determinant vanished");
106 lgpTests++;

107 }

108 }

109 }

110 }

111 require(lgpTests == 330,

112 "expected 330 four-point determinants");

113
114 list dualForms;

115 int pointIndex;

116 for (pointIndex = 1; pointIndex <= 11; pointIndex++)

117 {

118 dualForms [pointIndex] =

119 points[pointIndex,1]*x0 + points[pointIndex,2]*x1l
120 + points[pointIndex,3]*x2 + points[pointIndex,4]*x3;
121 }

122

123 ideal powers9 =

124 dualForms[1]~3,dualForms[2]~3,dualForms[3] "3,

125 dualForms[4]~3,dualForms[5]~3,dualForms[6]"3,

126 dualForms [7]~3,dualForms [8]~3,dualForms[9] ~3;

127 ideal powerslOa = powers9,dualForms[10]~3;

128 ideal powerslOb = powers9,dualForms[11]~3;

120 ideal powersll = powerslOa,dualForms[11]-~3;

130

131 list data9 = reductionMatrices(powers9) ;

132 list datalOa = reductionMatrices(powersi0a);

133 list datalOb = reductionMatrices(powers1i0b);

134 list datall = reductionMatrices(powersil);

135

136 require(data9[5] == 11, "dim [A_9]_3 must be 11");

137 require(datalOa[5] == 10, "dim [A_10a]_3 must be 10");
138 require(datalOb[5] == 10, "dim [A_10b]_3 must be 10");
130 require(datall[5] == 9, "dim [A_11]_3 must be 9");

140

141 matrix C9_0 = data9[1];

142 matrix C9_1 = data9[2];

143 matrix C9_2 = data9[3];

144 matrix C9_3 = data9[4];

145 matrix C10a_0 = datalOalil];

146 matrix C10a_1 = datalOal2];

147 matrix C10a_2 = datail0al[3];

148 matrix C10a_3 = datalOal4];

140 matrix C10b_0 = datalOb[1];

150 matrix C10b_1 = datalObl[2];
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1]

151 matrix C10b_2 = datalOb[3];
152 matrix C10b_3 = datalObl[4];
153 matrix C11_0 = datali[i1];

1]

154 matrix Cl1_1 = datalil[2];
155 matrix C11_2 = datall[3];
156 matrix C11_3 = datalill[4];

158 // Determinantal ideals in q-coordinates.
160 ring Q = 0,(q0,91,92,93),dp;

162 matrix M9 =

163 qO*imap(X,C9_0) + gl*imap(X,C9_1)

164 + g2*imap(X,C9_2) + g3*imap(X,C9_3);

165 matrix M10a =

166 q0*imap(X,C10a_0) + qi*imap(X,C10a_1)
167 + g2*imap(X,C10a_2) + g3*imap(X,C10a_3);
168 matrix M10b =

169 qO*imap(X,C10b_0) + ql*imap(X,C10b_1)
170 + g2*imap(X,C10b_2) + g3*imap(X,C10b_3);
171 matrix M1l =

172 qO*imap(X,C11_0) + gl*imap(X,C11_1)

3 + g2*imap(X,C11_2) + g3*imap(X,C11_3);

|

require(nrows(M9) == 11 &% ncols(M9) == 10,
"9-point multiplication matrix must be 11x10");
require (nrows(M10a) == 10 && ncols(M10a) == 10,
8 "first 10-point multiplication matrix must be 10x10");
9 require(nrows(M10b) == 10 && ncols(M10b) == 10,
180 "second 10-point multiplication matrix must be 10x10");
181 require(nrows(M11) == 9 && ncols(M11) == 10,
182 "11-point multiplication matrix must be 9x10");

o

~

183
184 ideal I45 = minor(M11,9);

185 ideal standardI45 = std(I45);

186 bigint degree4b = projectiveDegree(standardI45) ;

187 require(size(I45) == 10, "I_45 must have ten maximal minors");
188 require(dim(standardI45) == 2,
189 "I_45 must define a projective curve");

100 require(degree4b5 == 45, "11-point Weddle degree must be 45");
191 require(deg(I45[1]) == 9,

192 "the maximal minors of M1l must have degree 9");

193

194 // Hilbert--Burch data and degrees.

195

196 resolution resolution45 = mres(standardI45,0);

197 intmat bettid45 = betti(resolution45);

108 require(ncols(bettid5) == 3,

199 "unexpected Betti-table shape for I_45");

200 int bettiRow;

201 int bettiRankO = O;

202 int bettiRankl = 0;

203 int bettiRank2 = 0;

204 for (bettiRow = 1; bettiRow <= nrows(betti45); bettiRow++)

205 {
206 bettiRank0 = bettiRankO + betti45[bettiRow,1];
207 bettiRankl = bettiRankl + betti45[bettiRow,2];
208 bettiRank2 = bettiRank2 + betti45[bettiRow,3];
209 }

210 require(bettiRankO == 1 && bettiRankl == 10 && bettiRank2 == 9,
211 "Hilbert-Burch ranks for I_45 must be 1,10,9");

212

213 ideal I55 = minor(M9,10);

214 ideal standardI55 = std(I55);

215 bigint degreebb5 = projectiveDegree(standardI55) ;
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require(size(I55) == 11, "I_55 must have eleven maximal minors");
require(dim(standardI55) == 2,

"I_55 must define a projective curve");
require(degreeb5 == 55, "9-point Weddle degree must be 55");

poly surfaceA = det(M10a);
poly surfaceB = det(M10b);
require(deg(surfaced) == 10 && deg(surfaceB) == 10,
"both Weddle surfaces must have degree 10");
require(deg(gcd(surfaceA,surfaceB)) == 0,
"the two Weddle surfaces must be coprime");

ideal completeIntersection = surfaceA,surfaceB;
ideal standardCI = std(completeIntersection);
bigint degreeCI = projectiveDegree(standardCI);
require(dim(standardCI) == 2,

"the two surfaces must meet in a projective curve");
require(degreeCI == 100,

"the complete intersection must have degree 100");

require(size (NF (completeIntersection,standardI45)) == O,
"the degree-45 curve must lie in both surfaces");
require(size (NF(completeIntersection,standardI55)) == 0,

"the degree-55 scheme must lie in both surfaces");
require(dim(std(I45 + I55)) == 1,

"the degree-45 and degree-55 curves must not share a curve component");
require(degree45 + degreeb5 == degreeCI,

"45+55 must equal the complete-intersection degree");

// Residual after the 36 secants.
matrix qPoints = cubicWeddlePointMatrix();

list secantldeals;
int firstPoint; int secondPoint; int secantCount = 0;
for (firstPoint = 1; firstPoint <= 8; firstPoint++)
{
for (secondPoint = firstPoint + 1; secondPoint <= 9; secondPoint++)
{
secantCount++;
secantIdeals[secantCount] =
std(secantLineIdeal (qPoints,firstPoint,secondPoint));
}
¥

require(secantCount == 36, "expected 36 secant-line ideals");

ideal I19 = Ib55;

int secantIndex;

for (secantIndex = 1; secantIndex <= 36; secantIndex++)

{
require(size (NF(I19,secantIdeals[secantIndex])) == O,

"the current scheme does not contain a listed secant");

I19 = std(quotient(I19,secantIdeals[secantIndex]));

}

ideal standardI19 = std(I19);
bigint degreel9 = projectiveDegree(standardI19);
require(dim(standardI19) == 2,

"the residual scheme must be a projective curve");
require(degreel9 == 19, "the residual scheme must have degree 19");

ideal Isecant = quotient(I55,I19);
ideal standardIsecant = std(Isecant);
bigint degree36 = projectiveDegree(standardIsecant);
require(dim(standardIsecant) == 2,
"the degree-36 secant scheme must be a projective curve");

91
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require(degree36 == 36, "the secant scheme must have degree 36");
require(size(NF(I55,standardIsecant)) == 0,
"all 36 secants must lie in the 9-point Weddle scheme");
for (secantIndex = 1; secantIndex <= 36; secantIndex++)
{
require(size (NF(Isecant,secantIdeals[secantIndex])) == 0,
"a listed secant is not contained in the degree-36 secant scheme");

}

ideal reconstructedI55 = intersect(Isecant,I19);
ideal standardReconstructedI55 = std(reconstructedI55);
require(size (NF(I55,standardReconstructedI55)) == 0,
"I_55 is not contained in I_secant intersect I_19");
require(size (NF(reconstructedI55,standardIb5)) == 0,
"I_secant intersect I_19 is not contained in I_55");
require(degree36 + degreel9 == degreeb5,
"36+19 must equal 55");

"points: 11 (linear general position)";
"11-point Weddle curve: degree 45";

"9-point Weddle scheme: degree 55";

"secant scheme: degree 36";

"residual scheme: degree 19";

"Bezout ledger: 100 = 45 + 55 = 45 + 36 + 19";

return(1);

}

Listing A.12: Rational point input for the cubic Weddle specialization

// Eleven rational points.

proc cubicWeddlePointMatrix()

{
matrix pointMatrix[11][4] =
1,0,0,0,
0,1,0,0,
0,0,1,0,
0,0,0,1,
1,5,1,3,
1,7,5,4,
1,4,7,7,
1,2,2,5,
1,3,6,1,
1,6,4,6,
ilyily 828
return(pointMatrix) ;

}
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